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A well-known theorem of Debreu about additive representations of preferences is applied in a
non-additive context, to characterize continuous subjective expected utility maximization for the
case where the probability measures may be non-additive. The approach of this paper does not
need the assumption that lotteries with known (objective) probability distributions over
consequences are available.

1. Introduction

There is nowadays an increasing interest for the approach to decision
making under uncertainty which explains violations of Savage’s (1954) ‘sure-
thing principle’ by allowing for non-additivity of probability measures. A
characterization of non-additivity of probability measures has been provided
by Schmeidler (1984a,b, 1986). He assumed that not only consequences are
available as result from a decision situation, but also all simple lotteries (with
known probability distributions) over consequences. In many economic
applications the introduction of lotteries with known probability distribu-
tions on consequences will be felt as an artificial construct. This motivated
the present paper; it will remove the assumption of the availability of
lotteries, and will replace that by the assumption of continuity of utility, an
assumption which for most economic applications will not be felt as a
restriction.

As a price for the greater generality obtained, the main characterizing
condition, ‘comonotonic cardinal coordinate independence’, is not so simple
and appealing as Schmeidler’s main characterizing condition, ‘comonotonic
independence’. (In section 10 we shall sketch how the conditions in
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Schmeidler’s set-up, because of the presence of lotteries, do imply comonoto-
nic cardinal coordinate independence) A further price for the greater
generality is that, if the main theorem is just ‘one-step-more-complicated’
than the result of Schmeidler, the proof of the main theorem will be far more
complicated. The reason is that Schmeidler could use the lotteries on the set
of certain acts to obtain immediately, through certainty equivalents, a
representing function unique up to a positive affine transformation. This
representing function was then characterized as the Choquet integral. In our
set-up there is no easy way to obtain a representing function, unique up to a
positive affine transformation; obtaining it will be the major compiication in
our proof. A restriction of this paper is that we only consider finite state
spaces. The extension to arbitrary state spaces will be given in Wakker
(1987). There also many applications of Schmeidler’s approach will be given.

Schmeidler extends Anscombe and Aumann’s (1963) derivation of subjec-
tive expected utility to non-additive probabilities. Analogously this paper
extends Wakker (1984). Gilboa (1987) analogously extends Savage (1954).

The method of proof adopted in this paper shows how a well-known
theorem of Debreu (1960), characterizing additive representations of prefer-
ences, can be of use in non-additive contexts. The techniques in section 7
may also be of use for the application of Debreu’s theorem to subsets of
Cartesian products. Some details in the proof have not been elaborated here;
they can be found in Wakker (1986).

The expression ‘non-additive probability’ is used in an informal way in this
paper; the formal term will be ‘capacity’, see Definition 2.1.

Let us finally note that the main result, Theorem 5.1, can be understood
without consultation of the remainder of the text, with the exception of some
definitions, listed directly above that theorem.

2. The preference relation

By S={1,...,n} we denote the set of states (of nature). I' denotes a set of
consequences. Throughout this paper we assume that I' is a connected
separable topological space. Acts are elements of the Cartesian product I'”, or,
equivalently, functions from the set of states to the set of consequences, with
act f assigning consequence f; to state i for all i. The Cartesian product I'" is
endowed with the product topology. By > the preference relation of a
decision maker on the set of acts is denoted. For any a in I', & is the
constant act assigning consequence « to every state. For AcS, and fel™, f,
denotes the restriction of f to A. This can be considered to be an element of
[lical. For geI™, f_,g4 is f4ga4, i€, the act which equals g on A4, and f
on A°. Analogous notations are, for 1 Si# j<n, a,fel’, fel™

f_is [f with f; replaced by a],
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and

S-ija, B is [ f with f; replaced by « and f; by f].

The binary relation 2= is a weak order on a subset E of I'" if it is complete on
E (ie., for all f,gin E: f »g or g= ) and transitive on E (ie., for all f,g,h in
E:if f»g and g>h then fxh). We write f>g if f2>g and not g>=f, f~g if
SfFgand gx=f, fxgif g/, and f<gif g>~f. We call = trivial on EcI™ if
f=gforall f,g in E. By > we also denote the binary relation on I" defined
by a=g if a=pB. In the terminologies above, and below, ‘on I'™ will often be
omitted. Further > is continuous if {fel™ f>g} and {fel™gxf} are
closed for all geI™.

Let again Ec ™ A function ¢:E—R represents > on E if, for all f,g in E,
fzg ff ¢(f)=¢(g). We use the term ‘increasing’ rather than ‘strictly
increasing’. A positive affine transformation adds a real number, next
multiplies with a positive real number.

Definition 2.1. A function v:2°>R is a capacity if

() =0, 2.1)
u(8S)=1, 2.2)
A c B=v(A) £ v(B) (monotonicity). (2.3)

Definition 2.2. Let v:2-R be a capacity. Then, for any function ¢:S—R,
the Choquet integral of ¢ with respect to v, denoted as {s¢dv, or as (¢ dv, is

T v({ieS: ¢(i) =1} dr+ ? [v({ieS:P(i)=1})—1]dz. (2.9)

For additive capacities the Choquet integral coincides with the usual
integral, as follows from integration by parts. Let = be a permutation on
{1,...,n} such that

d(n(1)) 2 p(n(2)) 2 - - = P(n(n)), (2.5)
and write for all 1< j<n,

P(j):=ufieSn i) St Y —{ieSa D)< ). (26)

Now it can be seen that (2.4) equals
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2 Pr()o()). (2.7)
ji=1

We have
fApdv=Af¢pdv for all AZ0 (positive homogeneity), (2.8)

[(A+¢)dv=2+[¢pdv for all AeR (translation invariance).  (2.9)
Further,
if ¢(i) = ¢*(i) for all i, then [P dv> [¢p*dv (monotonicity). (2.10)

If we consider the Choquet integral as a function(al) from R" to R, with
(A45...,4,) € R" interpreted as the function assigning 4; to every j, then:

Proposition 2.1. The Choquet-integral is continuous.
Proof. See Schmeidler (1984a), or Wakker (1986, Proposition V1.2.4). ]

We need the following (2.11) in the proof of Theorem 8.1. Note that the
PY(j) of (2.6) uniquely determine v: for any A<S, take a n such that
A={=n(1),...,n(i)}; then v(A)=Zj.=1P"(7r(j)). This also shows that if one
takes an arbitrary collection of real numbers P*(j), one P"(j) for every
1<j<n and permutation = on {l,...,n}, then there exists a (necessarily
unique) capacity v such that any P*(j) can be derived from v as in (2.6) if
and only if for all i,n,n":

)20, Y, P()=1;
= (2.11)

[{n(l),...,n(i)}={n’(1),...,n'(i)}]=[_=ilP"(n(j))= ¥ o)

=1

3. Comonotonicity

The following is a central notion:

Definition 3.1. A set C<TI™ is comonotonic if no f,geC, i, jeS exist such
that simultaneously f;>~ f; and g;>g.

Definition 3.2. For a permutation m on S, C:={fel™f,, = free 7 Z
Sam}- C¥=C" with = identity.
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For felI”, >, is the binary relation on S defined by i>>,j whenever
fizf;. If > is a weak order, then so is >, Further, for ScI'", ==
ﬂfes 7s. Thus iz=gjiff f,2=f; for all feS. With an ordering a weak order
for which no different elements are equivalent, we obtain

Lemma 3.1. Let ScI™ Let » be a weak order. The following three
statements are equivalent:

(i) S is comonotonic.
(ii) > is a weak order.
(iii) Sc C™ for some permutation n on §.

Proof. (iii) follows from (ii) by letting = be such that i>>gj=n"1(i) <z~ !(j).
If (iii) holds, then for f,geS,f;>> f; and g;>g; would imply =~ (i) <n(j) and
n~Y(j)<n (i), which cannot hold. So (i) follows. Finally, (i) is assumed, and
(i1) is derived. Transitivity of =g is by transitivity of >. So completeness of
7#s remains to be derived. If not j>>4i, then there is feS with f,>f; By
comonotonicity g;=g; for all ge S. So i=gj. O

Statements (ii) and (iii) in Lemma 3.1 were observed by Schmeidler.
Because of these results he called the acts in § ‘common monotonic’,
subsequently abbreviated to ‘comonotonic’. Dellacherie (1970) may have been
the first to see the importance of comonotonicity in connection with the
Choquet integral.

Definition 3.3. Let Cc<I™. Then state i is inessential (with respect to =) on
Cif h_joxh_,f for all h_,a, h_,eC. If i is inessential on C", then we also
call i n-inessential. If n is the identity, we write id-inessential. The opposite of
‘inessential” always is essential.

A preparatory notation:

For o, eI, a v B [respectively a A ] is a if a2=f

[respectively a=< ], B otherwise.

Lemma 3.2. Let > be a weak order. Let f,geC", and f,=g; for all
n-essential j. Then f~g.

Proof. Suppose f,geC'e. Define f%:=f, g’ =g, and inductively, for j=
L..,n, fli=f5(f;ve), g:=g"(f;vg). Note that, for all id-essential
J.fi=g;=f;vg; Note also that, for all j>1, f;vg,<XfiZ], f;vg;<gi} so
that f/,g/e C* for all j. We conclude: f=f~ fla - » fr=g"~g" »

=g 0O
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Lemma 3.3. Let = be a weak order. Let i be n-inessential for all i,n. Then
> is trivial.

Proof. Let f,geI" Take any aeC. Since aeC" for all =, there are =, 7’
such that f,aeC" and g,ae C™. By the previous Lemma, f~d~g. |

4. Comonotonic cardinal coordinate independence

The following definition adapts the condition of ‘cardinal coordinate
independence’ of Wakker (1984) to the present non-additive context.

Definition 4.1. The binary relation > satisfies comonotonic cardinal coordi-
nate independence (Com.CCI) if, for all permutations n,n’ on {1,...,n}, all j
and m-essential i, and all f_;a, g_;f, f-;7, 8-;6€ C", and finally all s_;a, t_;8,
S_jy, t-;6€C™:

[fria<g_-B & f_yrg_i0 & s_juzt_;Bl=[s_;y=t_;0].

A way to gain insight into the condition is to consider the simple and
elaborated proof in section 5, which may reveal the idea of strength of
preference underlying the definition. Lemmas 4.1 and 4.3 will derive direct
consequences of Com.CCIL.

Assumption 4.1 (for this section). The binary relation = is a weak order that
satisfies Com.CCl.

Definition 4.2. The binary relation = is coordinate independent (CI) if, for
all i, f,g, B,

[f-iezg ][ f_iB=g Bl

It straightforwardly follows that, for weak orders, CI implies
[f-suSaZg_aS<=>[f- atuzg_ats]- This we adapt to the present non-
additive context, by restricting it to comonotonic acts.

Definition 4.3. The binary relation > satisfies comonotonic coordinate inde-
pendence (Com.CI) if for all comonotonic {f_ 454, &_ 454> f-ata> &—ala} WE
have [f- 45478 - aSa)=Lf-at4aZ g - al4l.

Lemma 4.1. The binary relation 3> satisfies comonotonic coordinate
independence.

Proof. First we consider the special case that A contains one element, say
A={k}. Let f ist, & S f-iti &-xtk€C™ If k is n-inessential, then
foasexf i, and g_,s,=g_.t;, and everything follows. So let k be =-
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essential. Then [ f_ s, <Xf_isk & foutim S it & f_iwSkZ2g8 5] by Com.CCI
imply f_ 6 =gl ]

Next we consider the general case. Say f_ S, £ 454 f-ata 8—ats€C™
Define:

a%=f_454 bO=g_ 54 COi=f_4ty, d%=g_,t,
Then define, inductively, for j=1,...,n
If j¢ A, then (a/, b, ¢/, d)):=(a’ ", b/~ 1, /L, d 1),
If je A, then set a=s; Vv t; and define
(&, b, c), d):=(a"} o, b e, e, d ).

The above construction has been such that aj=c] and bj=4dj for all k< j,
and such that all new acts are in C'%, For instance, if je 4, then o/~ !, b7,
71, &~ 1eC" imply, by simple manipulations, a<a}_,, a<bj_,, axc}_,,
a<Xd/_,. Further a"=c¢", b"=d". By repeated application of the already
handled case where A contains exactly one element, we conclude that each of
the following preferences holds if and only if its predecessor and successor
hold: f_ ;5,28 _ 454, a°=b°, a'=bl,....a"=b", c"z=d", " ' x=d"1,..., =
A T S O

Definition 4.4. We write f,=5g, if: [there exists s, such that f,$,. =845
and f,S 4, £454.€C™].

Lemma 4.2. If [, =584, then f S ;28454 for all s, for which f;s,,
2454-€C".

Proof. Direct from Lemma 4.1. |

Definition 4.5. The binary relation >= satisfies weak monotonicity (w.mon.) if
f=g whenever f,=g; for all i. It satisfies comonotonic strong monotonicity
(com.s.mon.) if f>>g for all comonotonic {f, g} < C" with f;>g, for all i and
fi>g; for a m-essential i.

Lemma 4.3. The binary relation > satisfies weak, and comonotonic strong,
monotonicity.

Proof. First we derive weak monotonicity. In three steps:
Step 1. Let g=f_,a, let {f,g} be comonotonic, say f,geC', and let f, >=a.
We show that f=f ,a.

Suppose f < f_,a. Contradiction will follow.

Define, for j=0,...,n,
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WhasW,=-=hi=f, h, = =hi=a. (4.1)

Then all k' are in C. By Com.CI, f<f_,a implies h*,fi<h* ,a, iec.,
h*<h*~ 1, Id-essentially of k follows. Thus, by Com.CClI,

CH <Rt o & BE yam b fi & W=k @] implies
h_jaxh f,, ie, R ™'xH, forall j21.

Apparently a=h">=h'>--- =Rt B 1>K B*>=---2=h"=f. This, finally,
contradicts f,=a. Step 1 is established.

Step 2. Let again g=f_,a, and f;za. Now we do not assume that {f, g} is
comonotonic.

Let us assume that f e C'9, We show that = f_,a.

Let I be such that f;>>a, f;<a for all j>I. Then, by repeated application of
the result of Step L, f2=f_\ fiv 1 = f-iSuv27 Ff-1/im f-r2, since every two
consecutive acts are comonotonic (€.g., f_,fi+2 and f_,f.+3 are in C* for a
7 with n(k+2)=k). Step 2 is established.

Step 3. Now let fi=g,; for all i; further f and g are general. We show that

fze
By repeated application of the above result,

SRS 18 72(f-181)-282) 7 A((f-181) -282) .- —»8) =8
Weak monotonicity is established.

Next we derive com.s.mon. Suppose that {f,g} is comonotonic, say
{f,g} =C", and that f;>g; for all j. Let further f,>g, for an id-essential k.
To derive is f>g. Define:

hhas h;=f; forall j<k, h;=g; forall j>k.

Both (h=) h_,f, and h_,g, are in C'9. By w.mon. f =h_,fi=h_.g.=g. It is
sufficient for com.s.mon. to show that h_,f,>h_,g,. Suppose to the contrary
that h_, fi <h_,g,. We derive a contradiction.

Define h°,...,h" as in (4.1), with a=g,. Since k is id-essential, by .Com.CCI
[l?k—kgkﬁhk—kgk&hk—kgk>hk—kﬁc&h’—jgk?hj—jgk] implies h_,g,=H._;f;, ie,
h~1>=HK for all j=1. So g, fi. This contradicts f,>~g,. a
Corollary 4.1. The binary relation = is trivial iff az=p for all a,feT.

Proof. If = is trivial, then @>=8, so az=p, for all o, B. Next assume a=f for
all a, 8. Then for any f in any C™, and any a€el, f; =4, for all i, and aeC",

hence by w.mon. f >4 Analogously f=<d& So f~d. Also f~d~g for all
f,8 o > is trivial. O

Corollary 4.2. One m has a m-essential state iff every m has a m-essential
state.
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Proof. 1If one m has a m-essential state, then > is not trivial. By Corollary
4.1 4< B for some o,feTI. Since &, feC™ for every n, Lemma 3.2 implies that
every 7 has a m-essential state. O

5. The main theorem

In this section we give the main theorem of this paper. After the theorem
the simplest implication (i)=>(ii) in it is proved. The proof of (ii)=(i), and of
the uniqueness results, will be carried out in the following sections, and
completed in section 9. A survey of the proof is given in section 10. The
elementary definitions, needed to understand the theorem, can be found in
the beginning of section 2 up to Definition 2.2. Further are needed
Definitions 3.1, 3.2, 3.3, and 4.1.

Theorem 5.1 (main theorem). Let neN. Let I' be a connected separable
topological space. For the binary relation 2= on I", the following two
statements are equivalent:

(i) There exist a capacity v on 2" and a continuous function U:I' -R
such that fi— [ (Uo f)dv represents >=.
(it) The binary relation = is a continuous weak order that satisfies Com.CCI.

The following uniqueness results hold for U,v of (i):

If some 7 has two or more m-essential states, then U is unique
up to a positive affine transformation, and v is uniquely
determined. 5.1

If > is not trivial, and no = has two or more m-essential
states, then U is unique up to a continuous increasing
transformation, and v is uniquely determined. (5.2)

If > is trivial, then U is any constant function, and v is
arbitrary. (5.3)

Proof of (i)=(ii) above. Suppose (i) holds. Obviously > is a weak order.
Further, the map f—~(U(f}),...,U(/,)) is continuous, so is, by Proposition
2.1, the map (U(fl),...,U(f,,))r——»j(Uof) dv. Consequently the map fi—
[ (Uo f)dv is continuous. This implies continuity of }=.

All that remains is Com.CCI. For this, first suppose that:

i is m-essential;  f_,a<g_;p, [ ;yFg 0

(5.4)
{f—ia’g—iﬂxf—i%g—ié} cC™.
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The two preferences give, by (2.7), with the n in (2.7) identical to our
present n since f;2= f;=U(f) 2 U(f)),

> PR U(f)+PHi)U(a) < k; PX(k)U(ge) + P*())U(B)

k#i

and

Y. PR Uf)+PHD)UG) 2 Y P(k)U(gi) + P U(S).

k#i k#i

These two imply

PH()[U(a) - U(B)] = P*()LU(y) — U(9)]. (5.5)

Were P*(i)=0, then by (2.7) and the representation of = by fi »—»f(U o f)dv, i
would be n-inessential. So

P*i)>0. (5.6)
The last two numbered results imply

U)-U(B Uy -U©). (5.7)
Now suppose, besides (5.4), also

s_jaxt_;p; {s_ju,t_;B,s_;p,t_;0}<C". (5.8)

The preference implies: Y, ;P ()U(s)+ P (HU(Q)2 Y, ,; P* ()U(L) +
P™(j)U(B). This, and (5.7), imply

Y PY()U(s) +PT(HUG) 2 3 PT (WUt + P (HU().

k#j k#j

Or: s_;y»t_;0. This is exactly what, by Com.CClI, should follow from (5.4)
and (5.8). d

6. Preparations for the proof

Lemma 6.1. Let EcI™ be open [respectively closed] with respect to the
product topology on I'". Let AcS, heI™. Then the set {f €[ ical: fahac€E}
is open [respectively closed] w.r.t. the product topology on [[;caT

Proof. Say E is open. (For closed E, take complement.) Let V be the set
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as defined above. Let g, V. There exist open E;, for all ie S, such that g h,.
is in []icsE;, and such that the latter is a subset of E. We see that
g4€[icaEicV. [ ic4E: is an open neighbourhood of g, within V. O

Lemma 6.2. Let = be a weak order on I'", continuous with respect to the
product topology. Then for all feI™", {ael:a>f} and {ae:a<f} are open
subsets of T

Proof. Let &> f. Then an open neighbourhood V < I'" of & exists such that
g>f for all ge V. We may assume that V is of the form A, x---x A4,, with
all A; open subsets of I'. Now A:=()7_,4; gives an open neighbourhood of
a within {aeI":@> f}. So the latter is open.

Analogously {ael:4< f} is open. O

Lemma 6.3. Let no © have two or more n-essential states. Let the assump-
tions in Theorem 5.1, and also (ii) there, hold. Then also (i) and the uniqueness
results there hold. If 2= is non-trivial, then v only assigns values 0 and 1.

Proof. 1If there is a n with no m-essential state, then by Lemma 3.2, for all
a,fel’, ax~B. By Corollary 4.1, > is trivial. Now (5.3), and (i), follow
straightforwardly. So we assume:

Every n has exactly one n-essential state. (6.1)

The binary relation on I', also denoted by =, obviously is a weak order. By
Lemma 6.2 it is continuous. By Debreu (1964) there exists a ¢:I'—R,
representing > on I', unique up to a continuous increasing transformation.
We can set U:= ¢, as we shall see; so any continuous increasing transform of
U can be used.

Next we define v. Let A<S be arbitrary. By non-triviality we can take
some o and B such that a>>g. If & ,8 > B, then we define v(4):= 1, otherwise
(A):=0. By com.smon. and Lemma 3.2, v(4)=1 iff for any n with
{m(1),...,m(k)} =4, A contains the n-essential state. This shows that v is
independent of the particular choice of a« and f above. Also it follows that
P"(j)=0 for all n-inessential j, and P*(j)=1 for the n-essential j.

Now we show that with these constructions, (i) in Theorem 5.1 holds. Let
f and g be two acts. Let feC", geC™. Let i be the n-essential state, j the
n'-essential state. Then, by Lemma 3.2, f= f,g~g; There now follows:
[ re=fi7g=U(f)2Ug)=2 P RUf)ZLP " (HU(g)=[(Ue f)dvz
I(U og)dv.

Finally we derive the uniqueness result (5.2). We saw above that U can be
any continuous increasing transform of ¢. Since, obviously, U has to
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represent 2> on I', no other kind of U can be taken: U is unique up to a
continuous increasing transformation.

For uniqueness of v we consider an arbitrary =, and show that P™(i)=0 for
all n-inessential i. Then P™(j) must equal 1 for the n-essential j. These values
P™() uniquely determine v. So let, finally, i=n(k) be n-inessential. Let o> 8.
Let f assign « to n(1),...,n(k), B to n(k+1),...,n(n). Then f and f_,B are in
C". By m-inessentiality of i, f= f_;B. Since U(x)>U(B), by (2.7) we obtain
P*(i)=0. O

Definition 6.1. The binary relation = satisfies restricted solvability if, for all
i, [,8 %7,

Lf-oa=g>= f _;y]=[there exists § such that f_,f~g].
Lemma 6.4. A continuous weak order = satisfies restricted solvability.
Proof. See Krantz et al. (1971, section 6.12.3). ]

Definition 6.2. Let CcTI™. Let (V;)}-, be an array of functions, each from a
subset of I" to the reals. Then (V))}-, are additive value functions (for >) on
C if the function V:fY1_, V;(f;) is well-defined on C, and represents > on
C. If a function V on a subset C of I'" can be written as a sum
Vifid 1 Vi(f;), then V is additive.

Theorem 6.1 [Debreu (1960)]. Let at least three states be essential on I
The following two statements are equivalent for the binary relation > on I'":

(i) There exists a continuous additive representation of the binary relation >=.
(ii) The binary relation = is a continuous weak order which satisfies CI.

Furthermore the function in (i) is unique up to a positive affine transformation.

Definition 6.3. ael is maximal [respectively minimal] if >a [respectively
f<a] for no Ber.

7. Additive value functions on C¥

In this section we derive results for Ci¢. Of course, analogous results hold
for any C™.

Assumption 7.1 (for this section). The assumptions, and statement (ii) of
Theorem 5.1 hold. There are at least two id-essential states. Further, we assume
that all states are id-essential. No maximal or minimal consequences exist.
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The assumption of the existence of at least two id-essential states is
essential for the sequel. The assumption that all states are id-essential is
made only for convenience. By Lemma 3.2 id-inessential states do not affect
the preference relation on C¥, and may just as well be suppressed from
notation. They simply get assigned additive value functions Vi¢ that are
constant, say zero. Let us, as a preparation, establish ‘certainty equivalents’.

Lemma 7.1. For every felI™ there exists o such that f ~d.

Proof. Yor fel" there exist i, j, such that f>=f,>=f; for all keS. Let
Vi={ael:a>f}, W:={Bel: f>B}. Then VA W=¢. V and W are open by
Lemma 6.2. Now f,¢ W and f;¢V by wmon. From connectedness of I’
existence can be derived of an a¢ VUW; a~ f. O

7.1. Additive value functions (V%)1_, on the sets E*

Notation 7.1. For heCY, E%=FE" x---x Ef, with E{:={aela>h,}, Eh=
{ael:h,_ >a}, and for all 1# j#n, El={aelh;_zaxh;}.

We have heE"<C'%. The E"s are Cartesian products, and they are
comonotonic so that on them the conditions of this paper hold without the
comonotonicity premise. That enables us to apply, after some preparatory
topological work, Theorem 3 of Debreu (1960).

Notation 7.2. The topology on I' is denoted as 1. By 7(3=) we denote the
coarsest topology on I' with respect to which >> on I' is continuous. By
...|E we denote: ‘restricted to E’.

By Lemma 6.2 we see that t(>>) is coarser than 7, so is connected and
separable too. First let us note that:

Lemma 7.2. Any EcI of the form {ael:ecxzaxt}, {aeloxa>rt},
{aelo>axt}, {aelo>a>1}, {aelo=a}, {aeclo>a}, {aelax>1}, or
{ae:a>1}, is connected with respect to t1(3)|E.

Proof. Throughout this proof, ‘open’ always refers to t©(>>). Let E have a
form as above. Let F,F, be open in I. Let E,=EnF,, E,=EnF,.
Suppose E, #¢p#E,, E, nE;=¢, E; U E, =E. We derive a contradiction.

Let a € E,, a,€ E,. 1(3») does not separate between = -equivalent conse-
quences, sO a; &, does not hold. Say a, <a,. Define:

Gi:=[F;n{xwo,<a<a,}]u[{e:a<e,}], and
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G=[Fyn{wa<a<a,}]ul{xaza,}].

Then G, " G,=¢, G; #d#G,, and G, U G, =T since {&:a;<a<a,}<E.

First we derive openness of G,. For any element of G,, an open
neighbourhood H of it within G, must be found. Let deG,. If 6<a;, take
H={oxa<a,}; if >a,, H=F; n{wa;<a<a,} is taken. So finally let dxa,.
There must be an open neighbourhood H’ if § within F; of the form
{a>u}, or {av>a>u}, or {oe:v>a} for some u,vel. The first case is
impossible since a,¢ F,. So, finally, H={a:v>a} can be taken, in both
remaining cases.

Analogously openness of G, is derived. Openness of G, and G, contradicts
connectedness of I'. ||

The above lemma shows that, if we use ©(3>) instead of t, then every E} is
connected.

Lemma 7.3. Every E% is separable w.r.t. 1(3>)|EL.

Proof. This is obvious if E} contains exactly one ~-equivalence class. If
it contains more, then the intersection with E of any countable dense
subset of I' is dense in E", since every subset H of E} open w.r.t.
©(>*)|E%, has open, and by connectedness non-empty, intersection with
Hn{ahy_ >a>h}. O

Lemma 7.4. For any he C'%, =, restricted to E", is continuous with respect to
the product topology of the t(3=)|EY’s.

Proof. Let f,geE" f>g. We construct an auxiliary f* such that f*>g,
and by means of this a subset F; x---x F, of {ve E*:v>>g}, containing f, and
with every F;c E" open with respect to t(>)|E;’. For the construction of f¥,
consider

Vi={ael:(a f5,.... [)>8}

By Lemma 6.1 this is open with respect to z. V contains f, so is non-empty.
If V contains h,, then f*=h, and F,=E is taken. If V does not contain h,,
then by connectedness of I' with respect to 7z, V cannot be closed with
respect to 7, so not of the form {a:a>>f,}, as follows from Lemma 6.2. Since
¥, by w.mon., contains all a2= f,, V must contain an «< f;. This « cannot be
=<h, (that, by w.mon,, would imply h;eV). So h; <a< f:acE". Take
f¥=a, Fi=E"n{Bel:f>a}.

Anyway, (f¥,f2....f»)>>g and F is open with respect to 1(?)|E'{. By
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analogous constructions we obtain 3 Fy....fEF, such that
(1S3 f} fisrs-s f)=g for all j, F;=E}if f¥=h, otherwise h;< f*<
fjand F;=Ein{p: B> f*}. Finally, (f*,...,f¥)>>g. For every weF, x - x
F,, in particular w= f, w;>= f ¥ for all j. By wmon.:w}> f*>g.

So indeed, if f>g, we can construct F,x---xF,c[E*n{w:w>g}],
containing f, and open with respect to the product topology of 1(>)|Ejf,
j=1,...,n. Hence {fe€E"f>g} is open with respect to the latter product
topology, for all geE" Analogously {feE™f<g} is open, for all g.
Continuity of > with respect to the product topology of the 'c(>)|Ej?’s
follows. O

Proposition 7.1.  For any he C' there exists a continuous additive represen-
tation V™ fi-37_  Vi(f) for > on E" unique up to a positive affine
transformation.

Proof. We only consider the case where three or more coordinates are
essential on E” for the other case see Wakker (1986, Proposition V1.7.4).
Since E", and any subset of it, is comonotonic, Com.CI holds without the
comonotonicity restriction, i.e., CI holds.

Next we take care of the needed topological conditions. On every E! we
take as topology t(>>)|E. By Lemma 7.2, E" is connected, by Lemma 7.3 it
is separable. On E* we take the product topology. By Lemma 7.4, = on E" is
continuous with respect to this topology. By Theorem 3 of Debreu (1960) (a
version of Theorem 6.1 where the factor sets are allowed to be different)
there is an additive representation, unique up to a positive affine transforma-
tion, and continuous w.r.t. the product topology of t(>)|Ej?( j=1,...,h), so
certainly w.r.t. the finer ‘old’ topology. O

7.2. Fitting the functions V" together on C*

Our next step is to show that there exist Vi:: 'R, j=1,...,n, such that
for every h and j, V] can be taken to be the restriction of Vi¢ to E". This of
course could never be done if there were AcS, and s,teC", such that
(Vjea and (V9);., would be additive value functions for different binary
relations on the ‘common domain’ [, 4(E5n E%). By comonotonic coordi-
nate independence (Lemma 4.1) that never happens. Both (V3)jeA and
(Vi) jeA are additive value functions for the binary relation =% with
n=identity, on appropriate domains.

Lemma 7.5. There exists a continuous additive function V:fi>3"_ Vi(f;) on
C'® which represents = on every E*, and which is unique up to a positive affine
transformation.
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Proof. On every E" we are given an additive representation V" f+—
> n_ 1 Vi(f; which is unique up to a positive affine transformation. So we
may add to every V;? an arbitrary ‘location’ constant t; (h), and multiply the
V¥s by one common positive ‘scale constant’ g(h), to obtain again an
additive representation. The plan in the sequel is to choose, in five stages,
scales and locations such that all V'}’s ‘fit together’, i.e., are the same on
common domains. They can then be considered the restriction of one array
(V-

There must exist B!, %€l such that B'>>p° We shall set V(8% =0 for
all j, and Vid(B')=1. (In Assumption 8.1 the scale will be changed.)

Stage 1. Choice of scale and location on E" with r=f°.

Let r (‘reference point’)=p°. E; = {o:a>B°}, it contains B'. E,={ox:a<xf°}.
For all 1+# j#n, Ej={xaxp’}. Of course we choose scale and locations
such that

V(%) =0 for allj, pH=1 (7.1)

Stage 2. Choice of scale on every E", and location for every V%, V.

Let heC'® be arbitrary. By Com.CI, (V4, V%) and (V%, V%) are additive
value functions for the same >{% , on (E} n E}) x (E; n E}). Note that both 1
and n are essential on (E; N E%) x(E,n E" with respect to >i},. By
Lemmas 7.2 and 7.3, E; n E" and E,n E* are connected and separable with
respect to the restrictions of t(>>), and by Proposition 7.1 we get uniqueness
up to a positive affine transformation. So we can choose the scale for
(V%,VH), (and hence for all (V#)?_,,) and the locations for (V}, V7), such that

"=V* on EinE", and Vi=V" on E,nE! Thus we shall see, even
stronger,

V5=V and V5= V" on common domain for all 5,te C**. (7.2)

This follows since, on (ES n EY) x (E5n EY), (V4. V3) and (V4, V}) are additive
value functions for the same >={{ ,,, hence they can differ only with respect to
their locations, and a common scale. However, for j=1,n, V§ and Vj
coincide (with V%) on (E5n E;n E}); hence they coincide on common
domains.

Stage 3. Intermediate observation.
In fact, for all s,¢,j, V5 and V% now have the same scale, and differ only
with respect to their location, as we shall show:

For all s,teC™, and 1< j<n, there exist constants 7(s, ) 73)
such that on E}n Ej, Vi=1,(s,t)+ V.
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For j=1 or j=n, by (7.2), in fact 7;(s,t)=0. So let 1# j#n. Then
(V$, V3, V) and (V4, V%, V') are additive value functions for the same > ;
on (Ef n EY) x(En E%) x(E;, N E;). So they can differ only by location, and
common scale. However, V4 and V%, and Vi and V!, coincide on their
common domain (which contains more than one element). The common
scales must be the same.

Stage 4. Choice of location for all V¥’s (j#1,n), having ° in their domain.
Of course for all Vs as above we choose location such that V*(°)=0.
Now not only (7.1) to (7.3) hold, but also:

If V3 and V' have ° in their domain then they
coincide on common domain. (7.4)

Stage 5. Choice of location for remaining V'¥s.

Now let heC™ and j be such that j#1, j#n, fO¢El={ah;_ >a>h;}.
Say h;>B%(h;_,<B° is analogous). Let r(h)e C'* be such that (r(h));=h;_, for
all i< j, (r(h));=p° for all i= j. Then Eic E\® ={a:h;_,>a>°}. By Stage 4,
V" (B%) =0. We now choose the location of V% such that V}=V7* on EI.
We shall show:

For all s,te C*, 1< j<n, V$and V} coincide on

common domain. (7.5)

We check this only for the case where 1# j#n, B° is neither in the domain
of V3, nor in that of V’ (other cases have been dealt with before, or are
analogous), and s;>B°. Here E is of the form {a:s;_,>a}=s;}. For Ej to
intersect ES, we must have ,>~B°. Now V3 and V' coincide on E5n E}, so
do V% and V¥ on E;n E}¥; so do, by (7.4), V7® and V¥ on Ef n E}Y. The
latter contains Ejn E}. (7.5) follows.

We can now define (Vi)}.,. For any aerl', and 1< j<n, we take any
he C* such that ae E"; h;=uo suffices for that. Then we define Vi*(a):=V(a).
By (7.5), this does not depend on the particular choice of h; and every V¥ is
now the restriction of V¢ to E".

For continuity, let sup(V}(I)>pu>v>inf(Vi}(I')). Openness of {f;:p>
Vi(f,)>v} follows from Proposition 7.1, with h such that v>Vi¢(h;) and, if
j>1, V¥(h;_)> p. Continuity of V; follows.

Finally the uniqueness result. Any (Wi%)_,, for which real t;, j=1,...,n,
and positive ¢ exist such that Wi'=1;+gV¥ for all j, satisfy the require-
ments of the lemma. Conversely, if (W3%)7_, satisfy all the requirements of
the lemma, then so do
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ZP: =W - Wi E)IWY(B) - W ()]

From Zi#(%)=0, Z}!(")=1, and from rereading the proof, the reader can
see that this uniquely determines Zi¢, Z*= V!¢ must hold for all j. a

Note that we may not yet conclude that (Vi%)?_, are additive value
functions on all of C.

2 ML, fiymptinme (I7id\R wn additing value
J. 1 é JURCLIONS \V ; );= GF€ daaiiive vaiue

Lemma 7.6 For all (id-essential) k: [a} Bl=[Vid()=Vi{(p)]. Hence
[@=Ble=2 V@2 VB

Foarantinag sz Nid
JURCLIONS On L

Proof. Let a, B,k be arbitrary. Say a=f. Let f;=a for all j<k, f;=p for all
j=k. Then (f=)f_yB and f_,aeC™ and f_,B and f_,ae E/. By w.mon. and
Lemma 7.5,

[a~ fl=[a>p and prol=[f_a~ f_f1=Vi'(®)=Vi(p).
By com.s.mon. and Lemma 7.5,

a>f=f_ 0> [ B=>V (@) > VB
Analogously,

a< =Vl (@ <Vi(P).

All of this together implies that Vi® represents >= on I O
Lemma 7.7. Let feC", fxa Then Y ., Vi(f)=Y"1_,Vi{w).

Proof. The case f;~a for all j is direct. The case f;>o for some j and f;<«
for no j, and the case f;<a for some j and f;>>a for no j, are excluded by
com.s.mon. So suppose j<i exist such that fi>a, f;, "~ fi_ ~a, fi<a.
We define f© such that = f; for all fy%a, and f{=a for all fy~o.

Now suppose, for some 0<I<n—2, f'eC' has been defined such that
Stxa, and Y V(£ =Y Vid(/i), with at least | coordinates of f' equal to a,
and no coordinate of f' equivalent but unequal to «. If in fact f' has I[+1 or
more coordinates equal to «, define f'*:= f' If not, then, say:

fi>a, floi==f_=a, fi<a, with b=a+I+1.
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If now f*' , ,¢, x4, define f'*':=f' o
If /1, ,o,a<d, define, by Lemma 6.4, a< . '< f! such that

fl+1 ___(fl baa fl+1)

If /1, pyo,a>=d, define a>= f1*1= f! such that

=l f1T ) =4

In any case, for h=f' ,a, both f'*! and f' are in E*, their ath coordinate
being ‘between’ f._, and a, their bth coordinate ‘between’ « and f}. Hence
by Lemma 7.5, fi(x &)~ f'*! 1mp11es YV =SVi(fo.

Finally we end up with f"~!~a, with n—1 coordinates equal to «. Then
by com.s.mon. the remaining coordinate of "~ ! must also be equivalent, so
equal, to a. And

Zk V;cd(fk)ZZk V;cd( )=" "—ZkV Zk V;cd(a)

follows. O

Theorem 7.1. There exists a continuous additive representation V:fi—
Yr_ Vi) for = on C', unique up to a positive affine transformation.

Proof. Let f,geC™" be arbitrary. Let (V'')7_, be as constructed above. Let
B be such that f~&gaf (Lemma 7.1). Then f}=g iff a3=f, which by
Lemma 7.6 is iff Y ,Vid(®)=),Vi%B). The latter by Lemma 7.7 holds iff
Zk Vafi) %Zk Videw. (]

8. Completion of the proof of Theorem 5.1 under absence of maximal and
minimal consequences

Assumption 8.1 (for this section, with Theorem 8.1 excepted). The assump-
tions, and statement (i), of Theorem 5.1 hold. There exists a n with two 7-
essential states, say m=identity. By m we denote an id-essential state. No
maximal or minimal consequences exist. Let B'>B° be two fixed consequences.
For every m with two or more m-essential states, the continuous additive
representation V™ fr>3 "_, Vi(f;) of = on C* (which exists according to the
previous section) is chosen such that V3(B°)=0 for all j, and ¥ 1_, V¥ (B')=1.

Note that we have changed ‘scale’, as compared to the previous section.
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There we had Vi}(8')=1, now Y., V%B')=1. Note also that, at present,
we may not yet conclude for different n, n/, and feC", geC", that
fregeY 1 VHf)2Y1-1V7 (g;). The only consequences of Com.CCI that
we used in the previous section, ie., comonotonic coordinate independence,
weak monotonicity, and comonotonic strong monotonicity, probably do not
suffice for this purpose. We shall essentially use:

Lemma 8.1. Let there be at least two m-essential, and two n'-essential, states.
Let k be m'-essential. Then for all I€S, Vi=¢,o VT on C*nC" for a constant
or positive affine ¢,.

Proof. Say m' is the identity. We write ¢ for ¢,. If [ is n-inessential, then V7
is constant, and ¢ is the same constant. So assume:

! is m-essential.

By Lemma 7.6 (which applies to all essential k) VT and V}® represent the
same =, hence Vi=¢oV for an increasing ¢ which is continuous by
Wakker (1986, Corollary VIII.10).

First note that Com.CCI implies the same property with all preferences
replaced by equivalences. This we write out in terms of additive value
functions, and with ¢ o Vi for V7 everywhere:

for all f_,a, g_iB, f-xy, 8-x0€C® and s_,&, t_,B,s_;7,t_,0€C*,

(V@ -V =V, ulViE)-ViUNI=2 ViR -V} @
and

Go Vi) —do V(B =L ulVie) —Vi(s)] (8.2)
imply

YialViE) = Vis)l=¢ o Vid(y) — ¢ o ViX(3). (8.3)

Now let Vid(u) be an arbitrary element of int(Vi(I")). There can be seen to
be an interval S around Vi¢(u), so small that for all Vid(«), Vid(B), Vid(y), and
Vid(5)eS, there exist f,g such that f_,& g_B, f-iy» &-i0 are in C*%, and
such that =V is satisfied. For this we use the existence of a state i#k which
is id-essential, so that the interval V9(I') is non-degenerate. Of course, if i <Kk,
then fi=a, fi7=7, g=B, g0 holds. If i>k, the reverse has to hold.
Furthermore, by continuity of ¢, S can be taken so small that ¢(S) is small
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enough to guarantee existence of s and t such that s_,x, t_,f8, s_;y, t_,6 are
in C*, and such that =*® holds.

We conclude for all Vid(a), ViI&(B), Vid(y), Vid(d) €S,

V@ —-VB=VIiHN—-Viio)
=¢o Vil (@) —po V(B =do Vi) —do Vi) (8.4)

This is now shown by choosing f,g,s,t as above. (8.4), only for the case
where f=y, already suffices to show that on S, ¢ satisfies: ¢((a*+6*)/
2)=[d(a*)+ ¢(6*))1/2. By Theorem 1 of section 2.1.4 of Aczél (1966), or by
(88) of section 3.7 of Hardy et al. (1934), ¢ must be affine on S. Hence it has
constant derivative everywhere on int (V(I')). Consequently ¢ must be affine
on Vi(I). ]

For all n with two or more m-essential states, we can, by Lemma 8.1, and
the fact that all ¥(8°) equal 0, define ] €R, such that, with m id-essential:

Vi=ATVie (8.5)
We define, for all these =,

pl= A/ A (8.6)
For n with exactly one n-essential state, say I, we define

pri=1,pFh=0forall i#l (8.7)
Next we define U:I'->R.
Definition 8.1. For all aeI', Uz 1, Vi¥(a).

Lemma 8.2. For all m with two or more m-essential states, and all a,
VHa)=pTU(a). For all m, Y pT=1.

Proof. Let n have two z-essential states. Then
pFU@ =[]/ AT ViE@)]
=[A7/20=  AC I ARV R (@)] = V().

For such =, Y p7=Y A1/ A=Y VHB")/LV¥p")=1/1=1.

For other 7, with only one m-essential state, [ pf=1] is direct. d
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Lemma 8.3. Let feC™, f~d. Then ) pjU(f))=U(w).

Proof. If there are two or more m-essential states, then by Lemma 7.7,
adapted to C™, Y V7(f;)=Y.VF(x). Hence then Y pjU(f;) =Y pTU(0)=U(a).

If = has exactly one m-essential state, say k, then by Lemma 3.2, f~ f,.
Hence by Lemma 7.6, U(f,)=U(w), ie., Y p7U(f;) =U(®). O

Lemma 8.4. Let feC" geC™. Then fzg<Y"1_,p7U(f)2Y1-,p7 Ulg;).

Proof. Let (Lemma 7.1) f~d& g~p. Then f>=g iff =B, which by Lemma
7.6 holds iff U(a)=U(f). By Lemma 8.3 the latter holds iff Zp}'U( Hz
ZP}'U (g))- O

Lemma 8.5. Let AcS. Let A={n(l),...,n(k)}={n'(1),...,7'(k)}. Then
Yi-1pf=25-1p]

Proof. Let f;=p" for all jeA, f;=p° for all j¢ A. Then fe€C" and feC™.
Apply the above Lemma with g= f. O

The following result holds in generality without Assumption 8.1 presumed.

Theorem 8.1. Let the assumptions of Theorem 5.1 hold. Let (ii) there hold.
Furthermore, let no maximal or minimal consequences exist, and let there be a
n with two or more n-essential states. Then (i), and (5.1), of Theorem 5.1 hold.

Proof. According to Lemma 8.5, and (2.11), with P™(j):=pj for all =, j, there
exists a unique capacity v in accordance with (2.6). Note that the U in
Definition 8.1 is continuous. Lemma 8.4, and (2.7) now give (i) of Theorem
5.1

To derive (5.1), say there are two id-essential states. Then the fact that
(P(j)U)3., are additive value functions for > on C*, and uniqueness up to
a positive affine transformation of x+—)(Vi)(x;) in Theorem 7.1, give
uniqueness up to a positive affine transformation of U, and together with
[3PY(j)=1] uniquely determine (P'(j))}-,. Analogously (P*(j));-, are
uniquely determined for any = with two or more n-essential states. If 7 has
exactly one m-essential state k, then P"(k)=1 must hold, and P*(j)=0 for all
j#k. O

9. Maximal and/or minimal consequences

In this section we derive the implication (ii)=>(i), and the uniqueness result
(5.1) in Theorem 5.1, for the case where maximal and/or minimal conse-
quences may exist.
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Assumption 9.1 (for this section). The assumptions of Theorem 5.1 hold. Also
statement (ii) there holds. There exists a permutation 1 with two or more =-
essential states. We assume that n is identity.

Lemma 9.1. Let a,ye @ be such that a>>7y. Then there exists BeI such that
a>p>y.

Proof. E:={B:f>y} and F:={B:f<a} are open and non-empty. Their
union is I, for if de F° then §>=a so >7. Hence by connectedness of I', E
and F must intersect. O

Notation 9.1. TI'*:={aela is neither maximal nor minimal}. G™:=G"n
(r*y.

Since 7 =id has a n-essential state, there exists o> f. By Lemma 9.1, I'* is
non-empty, and has no (‘new’) maximal or minimal consequences itself.

Lemma 9.2. If iis essential on G” (i.e. n-essential), then it is on G™,

Proof. Say = is identity. There exist «, e I" such that a>>pf. Twice Lemma
9.1 gives 7,0 such that a>>y>d>p. Let feC' have f,=1y for all k<i, f,=46
for all k>i. Then f_;y, f.;6 are in C* even in Ci%*. By com.s.mon.
fiy>f-id. |

Next we show that, on (I'*)", (i) in Theorem 5.1 is satisfied.

Proposition 9.1. There exist a capacity v, and a continuous function
U*.I'* >R, such that fr—»j(U*of) dv represents = on (I'*)".

Proof. By Lemma 9.1, I'* itself has no maximal or minimal consequences.
By Lemma 9.2, essentiality of states on (I'*)" is as on I'". The proposition
now follows from Theorem 8.1, if the required topological conditions can be
guaranteed. This is done analogously to subsection 7.1: t(>)|l“ * is taken as
topology on I'*. Mainly by Lemma 7.2 and an analogue of Lemma 7.3,
connectedness and separability are preserved. Continuity of > on (I'*)" with
respect to the product topology of the 1(?)[1‘ *’s, differs only in details from
Lemma 7.4. dJ

Lemma 9.3. If a is maximal [respectively minimal], then U*(I'*) is bounded
above [respectively below].

Proof. The proof is given only for the case of a maximal a. Let i< j be two
id-essential states. Let, only in this proof, (B,7) denote the act h with h, =§
for k<i, hy =7y for k> i, for all 8,yeI'. By com.s.mon., for all ye I'* @>(&,7¥).
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Let yeI'* be fixed, let § (by Lemma 7.1) be such that (& 7)~ B (so Bel'*).
Now for all peI'* with u2=y, (j,7) is in I'**, and (4, 7)< (&, 7) ~ B, so

o({ 1., DU +[o(8) —o{L,...., iNTU*R) <U*(B). ©.)

Since i is essential on I'* p({1,...,i}) is positive, and (9.1) induces an upper
bound for {U*(u):ueI'*, u>=v}, thus for U*(I'*). O

Definition 9.1. If ael' is maximal, then U(a):=sup(U*(I'*)). If ael is
minimal, then U(a): =inf(U*(I'*)). If a € I'*, then U(a):= U*(a).

As we saw above, U(a)e R for all a.
Notation 9.2. T'*:=I'* U {aela is maximal}.
Lemma 9.4. Forall fe(I'*)", and €T with f =80, [(Uo f)dv=U(#).

Proof. Say fel™ By comsmon., 0 is not minimal, so 8el'*. If no
maximal o exists, Proposition 9.1 gives the desired result. So let o be
maximal. Let 0Lk <n be such that f,~a,..., ixa fir1<a,..., f,<o If G is
maximal, then @~a, and by com.s.mon. k+1,...,n must be id-inessential.
Then [(U o f)dv=U(6) follows.

There remains the most complicated case, where 8 is not maximal, so,
neither being minimal, is in I'*. First we show that j(Uo fdv=U(8). By
w.mon., for all geI'* with (a>)u>= fi+ 1,

(#""’“’f;‘+1’""f;l)<9’ i.C., j(Uo(”"“’I‘L’fk+ 1"",];1)) dvé U(e)

Writing, for all 1< j<k, U(f)=U(0)=sup{U(u):peI'*, > fi+1} shows that
J(Uf)dvsU@).

To see that [(Uof)dv2U(6), we consider & such that 8-, so f>8. By
standard arguments continuity of >=, and connectedness of I', imply existence
of p, such that fi>u,>=fi+1, and f_.u>06. Also, p,_, exists such that
Soo >t 1 7w and (g g M- 1> i) >0. Finally we end up with a>p, >
Uy = 2=, such that (fy,..., e fisir. s fa)>=0. Hence, for all pel’ such
that a>p>=p, (= 2= ), we obtain [(Uo(l,...,th frs1s..., fn) dv>U(d).

Substituting, for 1= j<k, U(f)=U(=sup{U(u):pel'*, u>=pu,}, shows
that [(UefydvzZ U(d). This holds for all é<0. Hence
[(UoN)do2U®). DO

Lemma 9.5. The map fi—[(U o f)dv represents = on (I' )"

Proof. First for constant acts. Suppose y>J, with y maximal. Then, by
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Lemma 9.1, y>>a>0 for some ael’. So U(y)= U(a)> U(J) follows, the latter
strict inequality follows from Proposition 9.1. All other cases of
yzo<=U(y) 2 U() are straightforward.

Next let f,ge(I'*)* be arbitrary. Let f~7, g~& (by Lemma 7.1). Then
frgeTEdesUm2U@d) [(Uo f)dv2 [(Uog)dy, the latter by Lemma
94, |

Next we must turn to (I'* U {ee I is minimal})"=I", and show that also
here fio [(Uof)dv represents >. This is very analogous to the above,
elaboration is left out. We conclude that the implication (ii)=>(i) in Theorem
5.1 is now also established if maximal and/or minimal consequences exist.
For the uniqueness result (5.1) in Theorem 5.1, we must show that for
maximal [respectively minimal] « no other choice for U(«), than sup(U(I'*))
[or inf(U(I'*))] can be made. This can be seen for instance from the proof of
Lemma 94. Let i>j be two id-essential states. Then, with o« maximal,
fi==fi=a, a>fiy = >=f, the formula ([(Uof)dv=U(6) there
uniquely determines U(a). For minimal consequences matters are analogous.

10. Survey of the proof of Theorem 5.1, and concluding remarks

The implication (i)=(ii) in Theorem 5.1 has been established dlrcr‘ tly below

v 1 i3y 22l Je2 establis QAICLLLY DLIVW

the theorem The proof of (ii)=>(i) for the case where no n has two or more
n-essential states, and the proof of the uniqueness results (5.2) and (5.3),
have been given in Lemma 6.3. There remains the case where at least one
n has two or more n-essential states. The case of no maximal or
minimal consequences is handled in Theorem 8.1, the existence of maximal
consequences is handled in Lemma 9.5, the general case in the final lines of
section 9.

Topological separability of I is needed only for permutations n with
exactly one m-essential state. This is shown in Wakker (1986, ch. VI).

Let us now shortly and somewhat incompletely sketch how in the set-up
of Schmeidler (1984a) the conditions of ‘comonotonic independence’ and
w.mon. (called ‘monotonicity’ by Schmeidler) in the presence of the other
‘usual’ conditions, imply Com.CCI. Schmeidler assumes that I' is a set of
lotteries, so that a mixture operation can be defined in the usual way. Then
von Neumann—-Morgenstern independence requires the implication

f>gand 0<i<1=Af +(1—h>Ag+(1—A)h

for any f,g,h. Schmeidler weakens this to comonotonic independence by
requiring the implication only for comonotonic {f, g, h}, and uses mainly this
to characterize maximization of a Choquet-integral. Now suppose further
that f_ .o, g B, f_iv, 80, s_jo, t_;B, s_j, t_;6 are as in Definition 4.1,
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with the exception that now s_;y<t_;d, in violation of Com.CCL Let us for
simplicity suppose furthermore that all preferences in Definition 4.1 are strict
(the general case is derived from this through the continuity condition in
Schmeidler’s set-up, and mixtures with better/worse constant acts, with
weights tending to zero). A violation of w.mon. will be derived. We get

Hf-10) +5(g-10)<3(g - B) +3(g-:0)<5(g i)+ 3(f-7),

the first preference by f_,a<g_;f and comonotonic independence, the
second preference by f_;y>g_;6 and comonotonic independence. Further

s o) +3(t_;0) >3t _ ;B +3(2_ ;0)>3(t_;B) +3(s_7),

the first preference by s_;a>>t_ ;8 and comonotonic independence, the second
by s_;y<t_;6 and comonotonic independence. Deleting middle mixtures in
the above triples, and rewriting, we get

[f +38]-.Ga+30)<03f +3g)-:[38+ 7],
and
[5s+3t]-;03a+ 361> [3s+ 36 ;[3B+ 3],

If [3a+16]13=[1B+1y], then the first preference violates w.mon, if [3o+36]<
[18+1y] then the second preference violates w.mon.

The main result of this paper, Theorem 5.1, provides, under restrictions
appropriate for economic applications, a behavioural foundation for non-
additive probabilities in decision making under uncertainty. It is hoped that
this will help in clarifying the usefulness of non-additive probabilities.
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