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Abstract

Whereas original prospect theory was introduced over 40 years ago, its formula for
multi-outcome prospects has never yet been published, resulting in many misun-
derstandings. This note provides that formula.
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1 Introduction

When Kahneman and Tversky (1979) introduced (original) prospect theory, they
formally restricted their theory to lotteries with at most two nonzero outcomes. The
extension to more outcomes is straightforward, as they wrote, but they only stated it
in words and did not provide the actual formulas. Up to today, over 40 years after,
and 20 years after the shared prize in memory of Nobel, the formulas of original
prospect theory have never yet been written in public. While understood by
specialists, the formulas nevertheless continue to cause numerous misunderstand-
ings." This note provides the formulas, hoping to put an end to the confusions.

! The twenty-first century includes Bernheim and Sprenger (2020 p. 1369 1. 3-4), Berns et al.,
(2007 Eq. 1), Blake et al., (2021 Eq. 2), Blondel (2002 Eq. 8), De Giorgi, Hens and Mayer (2007
footnote 2), Grishina, Lucas, and Date (2017 Eq. 13), Harrison, List, and Towe (2007 footnote 23 and
p. 451 below Eq. 7), Harrison and Rutstrom (2009 p. 140), Hey, Lotito and Maffioletti (2010 p. 108),
Nagarajan and Shechter (2014 Eq. 1), Nilsson, Rieskamp, and Wagenmakers (2011 Eq. 2), Rieger
(2014 Eq. 2), Smith, Levere, and Kurtzman (2009 p. 1548), Wibbenmeyer et al., (2012 Eq. 2), and Wu
et al., (2021 Eq. 3). Nilsson, Rieskamp and Wagenmakers (2020) corrected their preceding paper.
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2 The formulas

I will refer to the 1979 version of prospect theory as original prospect theory (OPT).
The current version (Tversky & Kahneman, 1992), called prospect theory here,” will
not be discussed in this note.

By (pi:X1, ..., PniXn) We denote a prospect (lottery) assigning probability p; > 0
to outcome xR, j = 1, ..., n. All outcomes are different and the variable n can be
any natural number. Deviating from Kahneman and Tversky (1979), we always
write the outcome 0, so that always p; + -+ + p, = 1. By vi: R — R we denote the
value function. It is nondecreasing with v(0) = 0. w: [0,1] — [0,1] is the weighting
function. It is nondecreasing with 7(0) = 0 and =(1) = 1.

Outcome 0 is the reference point, positive outcomes o > 0 are gains, and
negative outcomes o <0 are losses. We first consider gain-prospects with
Xy > -+ > X, > 0. Thus, x, is the smallest outcome with positive probability,
which may be 0. The OPT value of the gain-prospect (p;:Xy, ..., Pn:Xp) NOW isS

V(xn) + (P ) (V(Xn-1) = V(xa)) + -+ + 7P (v(xi) = V(). (1)

The minimum outcome X,, called riskless by Kahneman and Tversky, plays a
special role. It is received with certainty—maybe even more will be received. Its
value (“utility”) is, therefore, not weighted. For the other outcomes, their extra
value, which is not certain but risky, is weighted.

For loss-prospects (0 > x; > --- > X,), the formula is reflected. Here x; is the
“best” loss with positive probability, and x; may be 0. The OPT value of the loss-

prospect (p1:Xy, ..., PniXy) 18
v(x1) + m(py) (V(x2) — v(x1)) 4 -+ + 7(py) (v(xa) — v(x1)). (2)

The minimum loss, x; (possibly 0), is what one surely loses—maybe more. As with
gains, the outcome closest to the reference point is perceived as quasi-certain. For
the other outcomes, their extra value loss, which is not certain, is weighted.

For mixed prospects, where both a gain and a loss occur with positive probability,
there is no perception of a certain threshold and the OPT value of (py:Xy, ..., PniXn)
then is

T(p)V(x1) + -+ 4 7(Py)V(Xa)- 3)

It is important to notice that this equation is a natural mathematical combination of
Egs. 1, 2—and it is the only one so. To see this point, split a mixed prospect up into
a gain-part (all losses replaced by 0) and a loss-part (all gains replaced by 0). Then
Eq. 3 results as the sum of the OPT values of the gain- and loss-part. Note that both
the gain- and loss-part then involve outcome O as quasi-certainty—whose weight is
immaterial because v(0) = 0. Thus, Eq. 3 is indeed the only possible combination of
Egs. 1, 2. The three formulas on the three different subparts of the domain naturally

2 Following Tversky’s (personal communication) preference, I avoid the common term cumulative
prospect theory, which is long and technical, making it unsuited for nontechnical audiences.
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fit together as one well-defined functional on the domain of all simple (finite-valued)
prospects.

Another point of note is that OPT of 1979 and the current prospect theory
(Tversky & Kahneman, 1992) agree for prospects with no more than two outcomes
(n < 2).3 The two theories only diverge for three or more outcomes. Thus, Egs. 1, 2
already contained part of the idea of rank dependence, central to current prospect
theory.

There is no clear extension of OPT to infinite-valued prospects. Rieger and Wang
(2008) considered plausible candidates but revealed several difficulties. For
instance, extensions may depend on 7 only through 7'(0) and may depend much
on the particular discrete approximations chosen.

A theory different than OPT, called separable prospect theory results if Eq. 3 is
also used for nonmixed prospects, rather than Egs. 1, 2. It was used in the very first
experimental study of risk attitudes (Preston & Baratta, 1948) and was widely used
in the psychological literature until the 1980s (Edwards, 1962). It lost popularity
when it was discovered that it violates stochastic dominance (Fishburn, 1978). The
violations are not only normatively undesirable, but also descriptively. They do not
fit with the few violations that have been found empirically and that always
crucially depend on misleading framings. Further, they become extreme, and the
formulas become absurd, if there are many outcomes. The following lottery
illustrates this point:

(001:141x107,...,0.01: 1+99 x 107%,0.01 : 0).

Its certainty equivalent, with the parametric estimates of Tversky and Kahneman
(1992), is 6.9, which exceeds the maximal outcome of the lottery more than sixfold.
This does not make any sense, neither theoretically nor empirically. Yet, separable
prospect theory has continued to be used sometimes, for instance by Camerer and
Ho (1994) who do carefully distinguish it from OPT in their endnote 16. Unfor-
tunately, other papers often confused separable prospect theory with OPT as ref-
erenced in §1, also for lotteries with only two outcomes that are both nonzero, even
though Kahneman and Tversky (1979 Eq. 2) explicitly wrote a deviating formula
for these lotteries. Finally, OPT and separable prospect theory do agree if outcome 0
has a positive probability.

3 Background

Kahneman and Tversky (1979) had much impact. Merigé et al. (2016) listed it as the
most cited paper in economics. Kahneman and Tversky (1979) only gave a verbal
statement of the general Eqgs. 1, 2. We repeat their text here, where the additions
between square brackets serve to extend to plurality of non-minimum outcomes.

3 Strictly speaking, OPT is a special case because the new theory, unlike OPT, allows for a different
weighting function for gains than for losses. This assumption is in fact at will for both theories.
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... prospects are segregated into two components: (i) the riskless component,
i.e., the minimum gain or loss ... which is certain to be obtained or paid; (ii)
the risky component, i.e., the additional gain[s] or loss[es] ... which is[are]
actually at stake.... That is, the value of a strictly positive or strictly negative
prospect equals the value of the riskless component plus the value-difference
between the outcomes, multiplied by the weight associated with the more
extreme outcome[s]. The essential feature ... is that a decision weight is
applied to the value difference ... which represents the risky component of the
prospect, but not to ... the riskless component. (Kahneman & Tversky, 1979
p. 276).

That Eqgs. 1, 2 are correct also appears from Kahneman and Tversky (1975 p. 18),
a first working paper version of their 1979 paper. They did explicitly write the
formula of PT for multiple outcomes there.* They also emphasized (their p. 12) that
the riskless outcome should not be weighted, as in our Egs. 1, 2 and as opposed to
separable prospect theory where it is weighted. In other papers, whenever relevant,
they pointed this out (Tversky & Kahneman, 1981 Footnote 5; Tversky &
Kahneman, 1986 Footnote 2).

4 Conclusion

Kahneman and Tversky (1979) only described the formula of their original prospect
theory (OPT) for multiple outcomes in words. This has led to many misunder-
standings, and dozens of papers confused separable prospect theory with the—
different—OPT. Amazingly, I am not aware of even one paper that wrote the correct
formula of OPT for multiple outcomes. This paper has provided it.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as
you give appropriate credit to the original author(s) and the source, provide a link to the Creative
Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain
permission directly from the copyright holder. To view a copy of this licence, visit http://
creativecommons.org/licenses/by/4.0/.
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