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Abstract
In an experiment, choice-based (revealed-preference) utility of money is derived from choices
under risk, and choiceless (non-revealed-preference) utility from introspective strength-of-preference
judgments. The well-known inconsistencies of risky utility under expected utility are resolved under
prospect theory, yielding one consistent cardinal utility index for risky choice. Remarkably, however,
this cardinal index also agrees well with the choiceless utilities, suggesting a relation between a
choice-based and a choiceless concept. Such a relation implies that introspective judgments can
provide useful data for economics, and can reinforce the revealed-preference paradigm. This ﬁnding
sheds new light on the classical debate on ordinal versus cardinal utility.
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1. Introduction
Utility has been a controversial concept throughout the history of economics, with
interpretations shifting over time. Since the beginning of the 20th century, after what has
since become known as the ordinal revolution, utility has been taken as an ordinal concept,
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based solely on observable choice, in mainstream economics (Pareto, 1906). Ordinalism
has dominated economics ever since (Hicks and Allen, 1934; Robbins, 1932).
In view of the many anomalies of observed choice that have been discovered in the 20th
century, several authors have argued that a reinterpretation of utility that is broader than
purely ordinal is relevant for mainstream economics. One of the earliest proponents was
van Praag (1968), who used subjective questions to measure welfare. Under the name of
happiness, introspective measurements of utility, studied extensively in the psychological
literature, have also attracted interest in economics recently (Frey and Stutzer, 2002; van
Praag and Ferrer-i-Carbonell, 2004).
Kahneman (1994) initiated a stream of papers arguing for the relevance of experienced
utility in economics. Such a broader reinterpretation was also advocated by a founder of
the Econometric Institute of the Erasmus University, Jan Tinbergen (1991), who wrote on
the measurement of utility and welfare in a special issue of the Journal of Econometrics:
The author believes in the measurability of welfare (also called satisfaction or utility).
Measurements have been made in the United States (D.W. Jorgenson and
collaborators), France (Maurice Allais), and the Netherlands (Bernard M.S. Van
Praag and collaborators). The Israeli sociologists S. Levy and L. Guttman have
shown that numerous noneconomic variables are among the determinants of welfare
y (p. 7).
This paper presents an investigation into broader interpretations of the utility of money,
using an experimental approach. We will compare experimental measurements of choicebased utilities to experimental measurements of choiceless utilities, and we will investigate
their relations. Our main ﬁnding will be that there are no systematic differences between
the different measurements. This ﬁnding suggests that choiceless empirical inputs can be
useful for the study and prediction of observable choice. Let us emphasize that we make
this suggestion only for choiceless empirical inputs that can be ﬁrmly related to observable
choice. These choiceless inputs should reinforce, rather than abandon the achievements of
the ordinal revolution.
Prospect theory plays a crucial role in our analysis of choice-based utility. Most
empirical measurements of utility in the economic literature today still assume expected
utility (Holt and Laury, 2002). Many empirical studies have, however, revealed descriptive
violations of expected utility (Starmer, 2000). Descriptive improvements have been
developed, such as prospect theory (Kahneman and Tversky, 1979; Tversky and
Kahneman, 1992). Our analysis will ﬁrst show, in agreement with previous ﬁndings
(Hershey and Schoemaker, 1985), that the measurement of choice-based utility leads to
inconsistencies under expected utility. This may explain why there have not been many
detailed empirical measurements of utility, in spite of its central importance in economics
(Gollier, 2001, p. 424 ff.; Gregory et al., 2002, p. 227).
We next show that the inconsistencies of choice-based utility can be resolved by means
of prospect theory. This resolution corroborates similar resolutions obtained for health
outcomes by Bleichrodt et al. (2001). The present paper shows that the resulting consistent
choice-based utility also agrees with choiceless utility, corroborating a similar ﬁnding for
health outcomes by Stalmeier and Bezembinder (1999). We argue that the obtained
agreements can restore one consistent concept of utility, which combines the advantages of
cardinal utility of the 19th century in being widely applicable and of ordinal utility of the
20th century in being well linked to observable choice.
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Some decision theorists assumed, contrary to the ordinalists, that cardinal utility can be
meaningful in riskless contexts, and studied relations between such riskless cardinal utility
and risky1 cardinal utility (Dyer and Sarin, 1982). These studies assumed expected utility
and, thus, were prone to the empirical violations thereof (Starmer, 2000). In terms of this
approach from decision theory, our ﬁnding suggests that the difference between risky and
riskless utility disappears when data are analyzed using the, empirically preferable,
prospect theory.
Another contribution of this paper concerns the introduction of a new parametric family
of utility, the expo-power family. It is a one-parameter family derived from a more general
two-parameter family of Saha (1993). Our family, contrary to commonly used families,
allows for the simultaneous fulﬁllment of three economic desiderata: concave utility,
decreasing absolute risk aversion, and increasing relative risk aversion.
1.1. Outline of the paper
Section 2 brieﬂy describes the history of utility in economics up to 1950, which has been
described previously by Stigler (1950), Blaug (1962, 1997), and others. Because of further
developments in utility theory during recent decades, an update of this history is called for
(Section 3) and this will lead to the main research question of this paper. Section 4 provides
notation and deﬁnitions, and introduces the expo-power family of utility. Section 5
presents the main empirical results. First, it measures choice-based utilities using a recently
introduced method, the tradeoff method. Next, choiceless cardinal utility is measured
without using any choice making or risk. No signiﬁcant differences are found between
these two measurements of utility. A psychological explanation is given. To verify that
tradeoff utilities do reﬂect choice making, Section 6 compares those utilities to utilities
derived from a third, traditional, measurement method (‘‘CE1/3’’). Again, no signiﬁcant
differences are found.
To verify that our design has the statistical power to detect differences, Section 6 also
compares the utilities obtained up to that point to utilities derived from a fourth
measurement method (‘‘CE2/3’’). When analyzed in terms of expected utility, the utilities
derived from the fourth method deviate signiﬁcantly from those derived from the other
three methods, in agreement with the common ﬁndings in the literature (Karmarkar,
1978), and falsifying expected utility. The discrepancy is resolved by reanalyzing the data
in terms of prospect theory. This theory does not affect the ﬁrst three measurements but it
modiﬁes the fourth. After this modiﬁcation, a complete reconciliation of all measurements
is obtained, leading to one utility function consistently measured in four different ways.
Section 7 contains a discussion, and Section 8 our conclusions. Appendix A gives details
of our experimental method for eliciting indifferences, developed to minimize biases.
Appendices B and C describe statistical tests.
2. The history of ordinal versus cardinal utility up to 1950
Table 1 shows the various concepts of utility discussed in this paper. An important step
forward for the interpretation of utility was made at the beginning of the 20th century,
when the views of utility changed profoundly as a result of the ordinal revolution.
1

We use ‘‘risky utility’’ as shorthand for utility to be used for choices under risk, such as in expected utility.
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Table 1
Various concepts of utility

The utilities within boxes are commonly required to be restricted to their domains, and not to be applied in other
domains.
: A relation between these two concepts is obtained in this paper. It extends vNM (von NeumannMorgenstern) risky utility beyond risk, and connects an economic, middle-column, concept with a ‘‘noneconomic,’’ right-column, concept.

Economists became concerned about the empirical observability of utility. Utility was
related to observable choice, and all associations with introspective psychological
judgments were abandoned. This development changed the status of utility from being
ad hoc to being empirically well founded. Along with the concern for observability came
the understanding of Pareto and others that, if the only purpose of utility is to explain
market phenomena such as consumer choices, prices, and equilibria, as in the middle cell of
Table 1, then utility is ordinal. Any strictly increasing transformation can be applied
without affecting the empirical meaning, which implies that utility differences are not
meaningful.
Alt (1936) and others demonstrated that cardinal utility, which does assign meaning to
utility differences, can be formally derived from direct strength-of-preference judgments,
such as the judgment that the strength of preference of $10 over $0 exceeds that of $110
over $100. Such judgments are based on introspection and not on observable choice and
are, therefore, considered meaningless by most economists (Samuelson, 1938a; Varian,
1993, pp. 57–58). Hicks and Allen (1934) and Robbins (1932) strongly argued in favor of
an ordinal view of utility, and this became the dominant viewpoint in economics. Similar
ideas, in agreement with logical positivism, were developed in psychology (Edwards, 1954,
p. 385).
von Neumann and Morgenstern (1944) raised new hope for the existence of cardinal
utility by deriving cardinal utility from risky choice. After some debates, the consensus
became that this risky index is cardinal in the mathematical sense of being unique up to
unit and level, but not cardinal in the sense of being the neo-classical index of goodness
that emerged at the end of the 19th century (Varian, 1993).2 Ordinalism has continued to
dominate in mainstream economics ever since.
2
For recent deviating viewpoints, see Harsanyi (1978), Loomes and Sugden (1982), and Rabin (2000, footnote
3). It is worthy of note that von Neumann and Morgenstern used their cardinal utility not only to evaluate
randomized strategies but also as a unit of exchange between players.
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3. Ordinal versus cardinal utility after 1950
This section describes the history of utility in the second half of the 20th century, which
followed after von Neumann and Morgenstern’s contribution. We are not aware of an
account of this history in the literature. There are several accounts of the history up to and
including the ordinal revolution (Stigler, 1950; Blaug, 1962, 1997). Yet, many
developments have taken place since then, and an update is called for. We distinguish
two independent developments after 1950. One took place in mainstream economics
(Section 3.1), the other in decision theory (Section 3.2).
3.1. Ordinal utility in the economics literature after 1950
In the beginning of the ordinal period, promising results were obtained, including
preference representations and derivations of equilibria (Samuelson, 1938b; Savage, 1954;
Debreu, 1959). Soon, however, problems arose (Allais, 1953; Ellsberg, 1961; Simon, 1955).
Cardinal utilities, at least in a mathematical sense, could not be discarded entirely. They
were needed, not only for risky decisions such as for mixed strategies in game theory (von
Neumann and Morgenstern, 1944), but also for intertemporal evaluations (Samuelson,
1937), for utilitarian welfare evaluations (Harsanyi, 1955; Young, 1990), and for qualityof-life measurements in health (Gold et al., 1996). The consensus became that such
cardinal indexes are relevant, but should be restricted to the speciﬁc domain to which they
apply, and should not be equated with each other or with neo-classical cardinal utility
(Samuelson, 1937, p. 160).
The most serious blow for the revealed-preference paradigm may have been the
discovery of preference reversals, entailing that revealed preferences can depend on
economically irrelevant framing aspects even in the simplest choice situations (Grether and
Plott, 1979; Lichtenstein and Slovic, 1971). Subsequently, numerous other choice
anomalies have been discovered (Kahneman and Tversky, 2000). It led Kahneman
(1994) to argue that choiceless, ‘‘experienced,’’ utility can provide useful information for
economics in contexts where such choice anomalies prevail. Many other papers have
argued for broader interpretations of utility than purely ordinal, including Broome (1991),
Gilboa and Schmeidler (2001), Kapteyn (1994), Loomes and Sugden (1982), Rabin (2000
footnote 3), Robson (2001 Section III.D), Tinbergen (1991), and van Praag (1968, 1991). A
drawback of extending the inputs of utility is, obviously, that it makes the prediction of
economic decisions difﬁcult. The present paper presents an experimental investigation,
based on prospect theory, into broader interpretations of utility, showing that they can
contribute positively to economic predictions, rather than complicate them.
3.2. Cardinal utility in decision theory after 1950; risky versus riskless utility
Since the 1970s, several authors in decision theory have conducted empirical studies into
the distinction between von Neumann-Morgenstern (‘‘risky’’) and neo-classical cardinal
utility. Contrary to the ordinalists, these authors assumed that choiceless cardinal utility
and, thereby, utility differences are meaningful, and they commonly used strength-ofpreference judgments to measure them (Dyer and Sarin, 1982). As depicted in Table 1,
choiceless cardinal utility can also be related to direct experience (Kahneman, 1994).
Others have related it to just noticeable differences (Allais, 1953), and other
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psychophysical measurements (Camerer et al., 2004). In this study, we restrict our
attention to strength of preferences for measuring choiceless utility. In decision theory,
such cardinal choiceless utility was usually called riskless utility. The difference between
marginal riskless utility and risk attitude has often been emphasized (Samuelson, 1950,
p. 121), and nonlinear empirical relations between risky and riskless utility have been
studied (Bouyssou and Vansnick, 1988; Pennings and Smidts, 2000).
The classical decision-theoretic studies invariably assumed expected utility for analyzing
risky decisions. Under this assumption, a difference between marginal utility and risk
attitude necessarily implies that the corresponding utility functions must be in different
cardinal classes, that is, there must be a nonlinear relation between risky and riskless
utility. The main problem with this classical approach may have been the empirical
deﬁciency of expected utility (Starmer, 2000). Different methods for measuring risky
utility, that should yield the same utilities, exhibited systematic discrepancies (Karmarkar,
1978; Hershey and Schoemaker, 1985; McCord and de Neufville, 1986). These were as
pronounced as the differences between risky and riskless utility (McCord and de Neufville,
1983, p. 295). This ﬁnding led some authors working on risky versus riskless utility to
suggest abandoning the classical expected-utility approach (Krzysztofowicz and Koch,
1989; McCord and de Neufville, 1984).
Since the 1980s, several models that deviate from expected utility have been proposed
(Starmer, 2000). The most popular one is prospect theory (Kahneman and Tversky, 1979;
Tversky and Kahneman, 1992), which agrees with rank-dependent utility (Gilboa, 1987;
Quiggin, 1982; Schmeidler, 1989) on the domain considered in this paper. These theories
assume nonadditive probability weighting. They provide better empirical predictions than
expected utility, and explain the discrepancies between different utility measurements.
Several authors have suggested that utility measurement can be improved through
prospect theory (Bleichrodt et al., 2001; Krzysztofowicz and Koch, 1989). Previously,
Fellner (1961, p. 676) suggested the same basic idea. Under prospect theory, aspects of risk
attitude not captured by marginal utility can be explained by probability weighting, so that
the main reason for classical decision-theoretic studies to distinguish between risky and
riskless utility disappears. It then becomes conceivable, at least as an empirical hypothesis
to be tested, that the utility function of prospect theory agrees with riskless concepts. For
the health domain, this hypothesis was investigated by Stalmeier and Bezembinder (1999),
who compared riskless strength-of-preference judgments to risky certainty-equivalent
judgments for health outcomes (the percentage of time suffering from migraine). They
found that these measurements give similar results if analyzed in terms of prospect theory.
The experiments of the present paper will, similarly, ﬁnd no systematic differences between
risky and riskless utility for money if the data are analyzed in terms of prospect theory.

4. Expected utility, prospect theory, and a new parametric family of utility
Throughout this paper, U : R ! R denotes a utility function of money that is strictly
increasing. We examine situations in which U is measurable or cardinal in a mathematical
sense, i.e. U is determined up to unit and level. The same symbol U will be used for utilities
measured through strength of preferences as for utilities measured through risky choices
under various theories, even though, a priori, these utilities may be different. The meaning
of U will be clear from the context.
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Fig. 1. The common weighting function.

By (p, x; y) we denote a monetary prospect yielding outcome x with probability p and
outcome y otherwise. Expected utility (EU) assumes that a utility function U exists such
that the prospect is evaluated by pUðxÞ þ ð1  pÞUðyÞ. It is well known that U is cardinal in
the mathematical sense of being unique up to unit and level. Prospect theory assumes that
probabilities are weighted nonlinearly, by the probability weighting function, denoted by w.
The prospect theory (PT) value of a prospect (p, x; y) is wðpÞUðxÞ þ ð1  wðpÞÞUðyÞ, where
it is assumed that xXyX0. EU is the special case where w is the identity. For the prospects
considered in this paper, which yield only two outcomes that are both gains, original
prospect theory (Kahneman and Tversky, 1979, Eq. (2)), rank-dependent utility (Quiggin,
1982), and their combination, cumulative prospect theory (Tversky and Kahneman, 1992),
agree, and our conclusions apply to all these theories.
Similar to the utility function, the function w is subjective and depends on the individual,
reﬂecting sensitivity towards probabilities. Many empirical investigations have studied the
shape of w. Fig. 1 depicts the prevailing shape (Abdellaoui, 2000; Bleichrodt and Pinto,
2000; Gonzalez and Wu, 1999; Quiggin, 1982; Tversky and Kahneman, 1992). The
transformation of probability is minimal at p ¼ 1=3, and maximal at p ¼ 2=3, which is why
we will use these probabilities in certainty equivalents later in the paper.
Under expected utility, all risk aversion has to be captured through concave utility
whereas, under the descriptively more realistic prospect theory, part of the observed risk
aversion is due to probability weighting. This suggests that classical estimations of utility
are overly concave. A theoretical justiﬁcation for this claim was provided by Rabin (2000).
Our paper will provide data that support Rabin’s claims, and will show that prospect
theory can explain these data.
For utility, two parametric families are commonly used, the power family (constant
relative risk aversion, CRRA) and the exponential family (constant absolute risk aversion,
CARA).3 The prevailing empirical ﬁnding is, however, increasing relative risk aversion and
decreasing absolute risk aversion (Arrow, 1971, p. 97), which is between CRRA and
CARA. To accommodate this empirical pattern, we developed a new parametric family of
utility. Our family was introduced in a preliminary version of this paper (Abdellaoui et al.,
2000), and a variation thereof was subsequently used by Holt and Laury (2002) in their
well-known study of risk attitudes.
3

Under nonexpected utility, risk aversion cannot be equated with utility curvature, which is why we will avoid
the terms CRRA and CARA.
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Fig. 2. Some normalized curves of the expo-power family. For r ¼ 1:3, the curve is convex up to 0.40 and concave
after. The right panel, with several examples of rp0, excludes x ¼ 0 from the domain, because there the functions
are not deﬁned for rp0.

We ﬁrst deﬁne the two common families U(x). For each family hereafter, proper
rescalings x / a(xb) ða40Þ of the arguments have to be considered, depending on the
context, for instance if the following formulas are to be applied only to the interval [0,1].
The power family is deﬁned by
xr if r40;
ln(x) if r ¼ 0;
xr if ro0.





The exponential family is deﬁned by
1–erx if r40;
x if r ¼ 0;
erx1 if ro0.





Our new family is the expo-power family, deﬁned by




exp(zr/r) for r6¼0;4
1/z for r ¼ 0.

Fig. 2 depicts some examples of the expo-power family, normalized at x ¼ 0 and x ¼ 1
for r40 (left panel), and normalized at x ¼ 0:2 and x ¼ 1 for rp0 (right panel). For rp0,
the expo-power function is N at x ¼ 0, similar to the power function. The expo-power
family is a variation of a two-parameter family introduced by Saha (1993). The functional
form of our submember ﬁts its name well, which is why we maintain this name. On the
For r close to zero, the strategically equivalent function exp((zr/r)+1/r) is more tractable for numerical
purposes.
4
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interval [0,1], resulting from normalizations of x, the family exhibits some desirable
features:





r has a clear interpretation, being an anti-index of concavity (the smaller r, the more
concave the function).
The family allows both concave (rp1) and convex (rX2) functions.
There is a subclass (0prp1) that combines some desirable features.
(i) The functions are concave;
(ii) The Arrow-Pratt measure of absolute risk aversion, u00 ðxÞ=u0 ðxÞ ¼ ð1  rÞ=
x þ xr1 , is decreasing in x;
(iii) The measure of relative risk aversion, xu00 ðxÞ=u0 ðxÞ ¼ 1  r þ xr , is increasing in x.

Necessarily, a one-parametric family with decreasing absolute risk aversion cannot
contain linear functions, and this is a drawback of our family. For r ¼ 1:3, the curves are
close to linear.
Other families of utility have been considered in the literature. Merton (1971) introduced
the HARA family with hyperbolic absolute risk aversion. This family does not allow for
convex functions, which means that it does not ﬁt individual data well, and it does not
satisfy the above conditions (i) and (iii). Bell (1988) and Farquhar and Nakamura (1987)
characterized the family of all polynomial combinations of exponential functions,
containing the general sumex family (linear combinations of exponential functions;
Nakamura, 1996). These families have many parameters, and useful subfamilies remain to
be identiﬁed.
5. An experimental comparison of choice-based and choiceless utilities
This section presents the main empirical ﬁnding of this paper, relating the, choice-based,
tradeoff method of measuring utility to the, choiceless, strength-of-preference method.
5.1. Participants and stimuli
We recruited 50 students from the Department of Economics of the Ecole Normale
Supérieure of Cachan. Each participant was paid FF 150 ($1EFF 6), and was interviewed
individually by means of a computer program in the presence of the experimenter. The
participants were familiar with probabilities and expectations but had not taken any course
in decision theory before the experiment. Prior to the experimental questions, the
participants were familiarized with the stimuli through some practice questions. Three
participants were discarded because they gave erratic answers and apparently did not
understand the instructions; N ¼ 47 participants remained.
Our choice-based method concerns risky choices. Prospects were displayed as pie charts
on a computer screen (see Appendix A). The units of payment in the prospects were
French francs. At the beginning of the experiment, a random device repeatedly picked
random points from the pie charts so as to familiarize the participants with the
representation of probabilities used in this experiment.
We developed software for carefully observing indifferences while avoiding biases; see
Appendix A for details. We used a within-subject design, with all measurements carried
out for all individuals. All statistical analyses are based on within-subject differences. The
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tradeoff method was always carried out before the other methods because its answers
served as inputs in further elicitations, so as to simplify the comparisons. The order of the
other methods was counterbalanced so as to minimize systematic memory effects, which is
especially important for the strength-of-preference measurements.
5.2. Measurement methods
For the tradeoff method (TO method), we used ‘‘gauge outcomes’’ R and r with R ¼ FF
20004r ¼ FF 1000 (FF 1E$0.17). An outcome t0 was set at FF 5000. For each
participant, the outcome t1 4t0 was assessed such that (13, t1; r)(13, t0; R). Next, t2 4t1 was
assessed such that (13, t2; r)(13, t1; R), y, and, ﬁnally, t6 4t5 was assessed such that (13, t6;
r)(13, t5; R). Under prospect theory, the indifferences imply the ﬁve equalities
Uðt6 Þ  Uðt5 Þ ¼    ¼ Uðt1 Þ  Uðt0 Þ, independent of how the participant transforms
probabilities (Wakker and Deneffe, 1996). Because EU is a special case of PT with a
linear weighting function, the ﬁve equalities also hold under EU. Setting, as throughout
this paper, Uðt0 Þ ¼ 0 and Uðt6 Þ ¼ 1, we obtain the following equalities:
i
for all i.
(1)
6
Our choiceless method for measuring utility is based on direct strength-of-preference
judgments (SP method). For each participant, an amount s2 was assessed such that the
strength of preference of s2 over t1 was judged to be the same as that of t1 over t0, the
values obtained from the TO method (see Appendix A for details). Similarly, we elicited
amounts s3, y, s6 such that the strength of preference of si over si1 was judged to be the
same as that of t1 over t0, for all i. Following Alt (1936) and others, the SP method assumes
that strength-of-preference judgments correspond with utility differences, implying
Uðti Þ ¼

Uðs6 Þ  Uðs5 Þ ¼ . . . ¼ Uðs3 Þ  Uðs2 Þ ¼ Uðs2 Þ  Uðt1 Þ ¼ Uðt1 Þ  Uðt0 Þ.
Using the scaling convention Uðt1 Þ  Uðt0 Þ ¼ 1=6 (as in Eq. (1)), we have
Uðsi Þ ¼

i
for all i.
6

(2)

5.3. Analysis
In each test in this paper, the null hypothesis H0 assumes identical utility functions for the various methods. For testing group averages, we used two-tailed paired
t-tests. To correct for individual differences, we also carried out analyses of variance
with repeated measures. These analyses always gave the same conclusions as paired
t-tests.
5.4. Results
The mean values of the variables ti and si are depicted as the TO and SP curves in Fig. 3,
which were obtained through linear interpolation. The other curves in the ﬁgure will be
explained later. Table 2 in Appendix B provides numerical details. The ﬁgure suggests that
the choice-based TO curve and the choiceless SP curve are the same. This suggestion is
conﬁrmed by statistical analyses. For each j we have sj ¼ tj under H0 because both should
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Fig. 3. All utility functions (for group averages and with linear interpolation).
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Fig. 4. Mean results for the expo-power family.

then have utility j/6 (Eqs. (1 and 2)). H0 is rejected for no j, with p-values ranging from .118
to .211. The equality is conﬁrmed by parametric ﬁttings, depicted in the left two panels of
Fig. 4 and analyzed in Appendix C. The other panels in Fig. 4 will be explained later.
Linearity of the TO- and SP utility curves in Fig. 3 was tested through Friedman tests,
and was rejected for both TO and SP (H0 for TO: tj1tj is independent of j, w25 ¼ 29:6,
po:001; H0 for SP is similar, w25 ¼ 38:05, po:001). Linearity was also rejected by the
parametric analyses in Appendix C.
5.5. Psychological explanation for the equality of choiceless SP utilities and choice-based TO
utilities
From a psychological perspective, it is not surprising that the choice-based and
choiceless utilities measured in this paper agree, because the TO method appeals to a
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perception of strength of preference in an indirect manner: In the indifference (13, t1; r)(13,
t0; R), a perceived strength of preference of t1 over t0 (associated with probability 13), offsets
the counterargument of receiving R instead of r (associated with probability 23). Similarly,
for all i, in the indifference (13, ti; r)(13, ti1; R), the perceived strength of preference of ti
over ti1 (always associated with probability 13) offsets the same counterargument of
receiving R instead of r (always associated with probability 23) as above. Hence, it is
plausible that all strength of preferences of ti over ti1 are perceived as equally strong
(Köbberling and Wakker, 2004). From this perspective, it is not surprising that the TO and
SP methods gave similar results.
6. Verifying the validity of measurements
A pessimistic interpretation of the equality found in the preceding section can be
devised, in agreement with a pessimistic interpretation of the constructive view of
preference (Slovic, 1995): The participants may simply have used similar heuristics in both
methods, and their TO answers may not reﬂect genuine preference. To investigate this
possibility, we used a third, traditional, method for measuring utility, a certaintyequivalent method. For the ﬁrst 13 participants, only TO and SP measurements were
conducted. At that point we realized that further questions were feasible. Therefore, for the
remaining 34 participants, in addition to TO and SP measurements, also two certaintyequivalent measurements were conducted.
Certainty-equivalent methods have a format different from TO and SP methods.
Therefore, if heuristics are used, it is plausible that they will be different for certainty
equivalents than for the TO and SP methods, and that they will not generate the same
utilities. Our third method, the CE1/3 method, considered prospects that assign probability
1/3 to the best outcome. Amounts c2, c1, and c3 were elicited such that c2(13, t6; t0), c1(13,
c2; t0), and c3(13, t6; c2), with the t’s derived from the TO measurements as described
before.
We ﬁrst analyze this method in the classical manner, i.e., assuming EU. We will see later
that the following equalities and analysis remain valid under prospect theory. With
Uðt0 Þ ¼ 0 and Uðt6 Þ ¼ 1, we obtain:
1
1
5
(3)
Uðc2 Þ ¼ ; Uðc1 Þ ¼ ; and Uðc3 Þ ¼ .
3
9
9
Fig. 3 in the preceding section depicts the nonparametric utility curve for CE1/3, and the
third panel in Fig. 4 gives the average result of parametric ﬁttings. The ﬁgures suggest that
the average utility function resulting from the CE1/3 observations agrees well with the TO
and SP utility functions. Analysis of variance with repeated measures for the parametric
ﬁttings conﬁrms the equality of the TO, SP, and CE1/3 measurements while taking into
account differences at the individual level, with F(2, 66) ¼ 0.54, p ¼ 0:58. The same
conclusion follows from other statistical analyses reported in Appendices B and C.
At this point, two concerns can be raised. First, it may be argued that the assumption of
EU used in the preceding analysis is not descriptively valid. Second, it may be conjectured
that our design does not have the statistical power to detect differences (apart from
nonlinearity of the utility curves). To investigate these concerns, we used a fourth method
for measuring utility, the CE2/3 method, using prospects that assign probability 2/3 to the
best outcome. The same 34 individuals participated as in the CE1/3 method. Amounts d2,
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d1, and d3 were elicited such that d2(23, t6; t0), d1(23, d2; t0), and d3(23, t6; d2). With
Uðt0 Þ ¼ 0 and Uðt6 Þ ¼ 1, the following equalities are implied:
2
4
Under EU; Uðd 2 Þ ¼ ; Uðd 1 Þ ¼ ;
3
9

8
and Uðd 3 Þ ¼ .
9

(4)

The resulting average utility function is depicted as the CE2/3(EU) curve in Fig. 3, and in
the fourth panel in Fig. 4. The function strongly deviates from the other curves. Whereas
analysis of variance with repeated measures for the parametric ﬁttings concluded that the
three measurements (TO, SP, CE1/3) are the same, the addition of CE2/3(EU) leads to the
conclusion that the four measurements (TO, SP, CE1/3, CE2/3(EU)) are not the same,
F ð3; 99Þ ¼ 6:39, p ¼ 0:001. That CE2/3(EU) is different from the other measurements is
conﬁrmed by other statistical analyses, such as pairwise comparisons, presented in
Appendices B and C. This ﬁnding falsiﬁes EU and agrees with the EU violations
documented in the literature.
We reanalyze the results of the certainty-equivalent methods by means of prospect
theory, and correct the utility measurements for probability weighting. We assume the
probability weighting function of Fig. 1 for all individuals. This assumption is obviously an
approximation because, in reality, the probability weighting function will depend on the
individual. The descriptive performance of prospect theory could be improved if
information about individual probability weighting were available. In the absence of such
information, we expect that, on average, PT with the probability weighting function of
Fig. 1 will yield better results than EU, which also assumes that the weighting function is
the same for all individuals but, furthermore, assumes that it is linear. Let us recall that the
analysis of the TO method remains valid under PT, irrespective of the individual
probability weighting functions. Therefore, contrary to the CE methods, the TO method is
not affected by individual variations in probability weighting.
It has been found that, on average, w(13) is approximately 13 (see Fig. 1 and the references
there). Therefore, our analysis of CE1/3 needs no modiﬁcation and Eq. (3) and the utility
function depicted in Fig. 1 remain valid under PT (Tversky and Fox, 1995, p. 276).
Accordingly, the agreement between the CE1/3 utilities and the TO utilities also remains
valid. It has been found that w(23) is approximately .51 (Fig. 1). Hence, the analysis of CE2/3
that was based on EU needs modiﬁcation. We now ﬁnd
under PT; Uðd 2 Þ ¼ 0:51; Uðd 1 Þ ¼ 0:26; and Uðd 3 Þ ¼ 0:76

(5)

instead of Eq. (4). The resulting corrected utility curves, denoted by CE2/3(PT), are
depicted in Figs. 3 and 4. They agree well with the TO, SP, and CE1/3 curves. Analysis of
variance with repeated measures for the parametric ﬁttings conﬁrms the equality of the
TO, SP, CE1/3, and CE2/3(PT) measurements, with F ð3; 99Þ ¼ 0:63, p ¼ 0:6. In other
words, replacing CE2/3(EU) by CE2/3(PT) restores the equality of utility. The equality is
conﬁrmed by other statistical analyses, reported in Appendices B and D. Our ﬁnding
satisﬁes Birnbaum and Sutton’s (1992) principle of scale convergence, according to which
it is desirable if different ways to measure utility give the same result.
7. Discussion
For the choice-based utilities, the statistical analyses suggested that the TO, CE1/3, and
CE2/3(PT) utilities are the same, but that CE2/3(EU) gives different values. According to
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PT, the discrepancy between the CE2/3(EU) utilities, derived under EU, and the other
utilities found, is caused by violations of EU. After correction for these violations, a
reconciliation of the different risky utility measurements, TO, CE1/3, and CE2/3, results.
The reconciliation suggests one consistent cardinal index of utility for risk, thereby
supporting the results of the TO measurements. It entails a positive result within the
revealed-preference paradigm. The further agreement of this index with the SP index
extends beyond revealed preference, and is the new contribution of this paper.
It would have been desirable to test hypotheses at the individual level and not just at the
level of group averages, as we did. In particular, it would then be desirable to adopt an
error theory for individual choice. Although several such theories have been considered
recently, there is no agreement on which is the best theory (Loomes et al., 2002). Data
about individual choice under risk is usually very noisy. In our sample, analyses at the
individual level did not give signiﬁcant results and have not been reported. Considerably
larger datasets are required to test hypotheses at the individual level.
It is common to implement real incentives in experiments for moderate amounts of
money. Utility measurement is, however, of interest only for signiﬁcant amounts of money,
because utility is close to linear for moderate amounts so that no measurement is needed
there anyway (Rabin, 2000; Savage, 1954, p. 60). Hence, we had to use signiﬁcant amounts
and could not implement real incentives. Camerer and Hogarth (1999) and Hertwig and
Ortmann (2001) contain surveys of hypothetical choice versus real incentives. For simple
choices that are not cognitively demanding, as in our experiment, and where there are no
direct contrast effects between real and hypothetical choice as in Holt and Laury (2002), no
big differences are found. The utility function for money is central in economics and,
hence, its experimental measurement deserves investigation (Stigler 1950, Section IV.c)
even if a resort to hypothetical choice cannot be avoided.
Rabin (2000) argued on theoretical grounds that utility is more linear than commonly
thought, and that much of the commonly observed risk aversion is due to factors other
than utility curvature. He suggested factors put forward by prospect theory. Our study
conﬁrms his suggestion empirically.
In applied domains, e.g. in health economics, it is common practice, based on pragmatic
grounds, to use utilities measured in one context, possibly choiceless, for applications in
other contexts (Gold et al., 1996). Empirical relations between various utilities, including
choiceless, have been studied extensively (Pennings and Smidts, 2000; Revicki and Kaplan,
1993; Stalmeier and Bezembinder, 1999; Young, 1990). Our contribution is to establish
relations between choiceless concepts and the revealed-preference paradigm of economics,
reinforcing the usefulness of both.

8. Conclusion
In the classical economic debate between cardinalists and ordinalists, the latter deﬁned
economics as the study of revealed choice and assumed that direct judgments, having no
preference basis, are not meaningful for economics. In light of today’s advances in
experimental methods in economics, the relations between direct judgments and
preferences can be investigated empirically. Using prospect theory, our experiment
suggests a simple relation between direct strength-of-preference judgments and riskydecision utilities. If an empirical relationship between direct judgments and preferences can
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be ﬁrmly established, then the data resulting from direct judgments are useful and
meaningful for economics.
The use of direct judgments will be particularly called for in contexts where preferences
are hard to measure due to choice anomalies. More and more contexts of this kind were
discovered in the 20th century (Kahneman, 1994). With relations between choice-based
and choiceless data ﬁrmly established, the use of choiceless data in applications, such as
health economics, can become more acceptable to mainstream economists and ordinalists,
not only for pragmatic reasons (Manski, 2004), but also conceptually. Conversely, such
links provide a consistency basis for direct judgments. The result will be that direct
judgments reinforce the revealed preference approach and vice versa.
If relations between utility can be established across different decision contexts
(intertemporal, welfare, etc.), then one consistent cardinal index of utility may result that is
applicable to many domains, in the spirit of Broome’s (1991) index of goodness. We,
therefore, hope to see further empirical investigations of the relations between direct
judgments and revealed preferences.
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Trautmann made helpful comments.
Appendix A. A two-step procedure for eliciting indifferences
This appendix describes our new two-step procedure for eliciting reliable indifferences.
For the TO method, a value x ¼ t1 was to be found such that A ¼ (1/3,5000; 2000)(1/3,
x; 1000) ¼ B (see Fig. 5, with x1 ¼ 11; 000, and prospects called propositions). The ﬁrst
step established an interval containing t1. We started with x ¼ 5000 (instead of 11,000 in

Fig. 5. A screen used in the ﬁrst step.
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Fig. 5), clearly a lowerbound for t1 because of dominance of A over B. Using a scrollbar,
the experimenter next increased x to 25,000, where all participants preferred the right
prospect B so that x ¼ 25; 000 is an upper bound for t1 for all participants. These
questions, yielding a preliminary interval [5000, 25,000] containing t1, served to familiarize
the subjects with the stimuli. We next narrowed the interval down, as follows.
The scrollbar was again placed at x ¼ 5000, where A dominates B, and was increased
until the participant was no longer sure to prefer A. A smaller x was subsequently found
for which the participant was still sure to prefer A, say x ¼ a45000. Similarly, an x was
found with sure preference for B, say x ¼ bo25; 000. Obviously, b4a should hold; if not,
the participant did not understand the procedure and it was repeated. Thus, an interval [a,
b] containing t1 was obtained. We wanted this interval to be of length 4000 for all
participants. Hence, we asked participants to be more precise if [a, b] was too long.
Commonly it was shorter, in which case the computer automatically enlarged it. Thus, an
interval of length 4000 was obtained. Fig. 5 displays the ﬁnal result of Step 1 for a
participant with [a, b] ¼ [7000, 11000] as the interval that contains t1.
In Step 2, the indifference value x ¼ t1A[a,b] was found using a choice-based bisection
(see Fig. 6). With the midpoint ða þ bÞ=2 (9000 in Fig. 6) substituted for x, the participant
chose between the prospects—indifference was not permitted. The midpoint was
subsequently combined with the left or right endpoint of the preceding interval, depending
on the preference expressed. A new interval containing t1 resulted in this manner, being
half as large as the preceding one. After ﬁve similar iterations, the interval was sufﬁciently
narrow and its midpoint was taken as t1. We repeated the choice of the third iteration so as
to test for consistency. It was virtually always consistent (X92% for each measurement).
The indifference values t2, y, t6 were elicited similarly. Similar procedures were also
used for the CE and strength-of-preference measurements (Figs. 7 and 8).

Fig. 6. Presentation of the prospects in the second step.
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Fig. 7. First presentation of strength of preference questions.

Fig. 8. Second presentation of strength of preference questions.

Appendix B. Statistical analysis of raw data
Table 2 gives descriptive statistics of our measurements. Paired t-tests of TO versus SP
are in the main text.
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Table 2
Mean values in French francs (standard deviations are in parentheses)
i

ti

0
1
2
3
4
5
6

5000
8048
11002
14244
18023
22165
26810

si
(0)
(1318)
(3022)
(5332)
(7864)
(11076)
(14777)

5000
8048
11482
15076
19268
24210
30161

(0)
(1318)
(3067)
(4932)
(7275)
(10285)
(14644)

ci

di

7047 (1055)
10011 (2201)
13979 (4214)

8976 (1964)
13329 (3754)
18205 (7338)

Table 3
Direct tests of the consistency of choice-based methods
Theory

CEs

Utility

TOsa

t33

p-value

EU & PT
EU and PT
EU and PT

c1
c2
c3

1/9
1/3
5/9

2
3t1

þ 13t0
t2
1
2
3t4 þ 3t3

0.09
1.49
1.52

.928
.146
.138

EU
EU
EU

d1
d2
d3

4/9
2/3
8/9

2
3t3

t4
1
2
3t6 þ 3t5

5.41
4.30
3.96

.000
.000
.000

PT
PT
PT

d1
d2
d3

0.26
0.51
0.76

:58t2 þ :42t1
:08t4 þ :92t3
:58t5 þ :42t4

1.45
1.19
1.78

.158
.244
.084

a

þ 13t2

Interpolated ti’s.

To compare TO to CE1/3, note that c2 ¼ t2 under H0 because then Uðc2 Þ ¼ Uðt2 Þ ¼ 13
(Eqs. (1) and (3)). Because other c- and t-values concern different points in the domain, we
use linear interpolation on the scale with most observations, i.e. the TO scale, to make
comparisons. For example, if Uðt0 Þ ¼ 0 and Uðt1 Þ ¼ 1=6 (Eq. (1)) then, by linear
interpolation, Uð23t1 þ 13t0 Þ  1=9 and 23t1 þ 13t0 can be compared to c1 (Eq. (3)). Similarly,
1
2
3t4 þ 3t3 can be compared to c3 (fourth row of Table 3). The table indicates that no equality
of c-values and corresponding (interpolations of) t-values is rejected statistically.
To compare TO to CE2/3, note that d 2 ¼ t4 under H0, because then Uðd 2 Þ ¼ Uðt4 Þ ¼ 23
(Eqs. (1) and (4)). Further comparisons require linear interpolations, indicated in Table 3.
All equalities between TO- and CE2/3-values, predicted by EU, are strongly rejected. A
reanalysis through PT, with adapted linear interpolations indicated in the table, reestablishes the equality of utility.
All tests in this appendix conﬁrm the conclusions based on the analyses of variance with
repeated measures that were reported in the main text. Nevertheless, a number of
objections can be raised against the analyses of this appendix. For the scale that is
interpolated, a bias downward is generated because utility is mostly concave and not
linear. For scales with few observations such as the CE scales, the bias can be big and,
therefore, a direct comparison of CE1/3 and CE2/3 is not well possible. The latter problem is
aggravated because the different CE measurements focus on different parts of the domain.
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The pairwise comparisons of the different points in Table 3 are not independent because
the measurements are chained. Biases in measurements may propagate. This may explain
why all ﬁve sj values in Table 2 exceed the corresponding tj values, although the difference
is never signiﬁcant. The differences can be explained by an overweighting of t0 and t1 in the
SP measurements, due to their role as anchor outcomes. While distorting the sj’s upwards,
this bias hardly distorts the elicited utility curvature. For the latter, it is not the values of sj
or tj per se that are essential, but their equal spacedness in utility units is essential. This
equal spacedness is affected only for the interval [U(t0), U(t1)] under the SP method, which
then is somewhat underestimated. For these reasons, it is preferable to investigate the
curvature of utility, as opposed to the directly observed inverse utility values (this is what
our observations ti, si, ci, di in fact are). We investigate the curvature of utility through
parametric ﬁttings in the following appendix.
Appendix C. Further statistical analyses of parametric estimations
We ﬁtted power utility, exponential utility, expo-power utility, and the sumex family
(sum of two exponential functions), and used the resulting parameters in the statistical
analyses. Parametric ﬁttings directly concern the curvature of utility, and smoothen out
irregularities in the data. A drawback is that the results may depend on the particular
parametric families chosen.
Logarithmic utility lnðx þ bÞ is not suited to ﬁt our data because it does not allow convex
utility, whereas several participants exhibited convexities. Bear in mind that utility, when
corrected for probability weighting, is less concave than traditionally thought. The CE
methods have too few data points to obtain any reliable estimation for sumex utility.
Equality of utility was conﬁrmed for the TO and SP methods, but the estimations were
unreliable and we do not report them.
All remaining families were normalized so as to be on the same scale, and in this way
their numerical ﬁts were compared. The arguments were transformed as x/t6 for each
subject. For power utility, any change of scale of x is immaterial because it does not affect
preference. The translation z ¼ x  t0 supported our data well, but has the drawback that
utility is not deﬁned at and below x ¼ t0 for negative powers, which is why we do not
report its results. For exponential utility, a translation z ¼ x  t0 is immaterial because it
does not affect preference, and rescalings of x only amount to rescalings of the parameter
r. For expo-power utility the rescaling x=x6 leads to the desirable properties described in
the main text. We did not consider the translation x  x0 for the same reason as with
power utility, but also so as to maintain increasing relative risk aversion.
Table 4 gives descriptive statistics for individual parametric estimates. Fig. 4 in the main
text depicts the optimal parametric ﬁttings of the expo-power family for group averages.
The parameters used there are: r ¼ 1:242 for TO, r ¼ 1:128 for SP, r ¼ 1:206 for CE1/3,
r ¼ 0:393 for CE2/3(EU), r ¼ 1:136 for CE2/3(PT). These curves are based on averages of t6
and t1/t6, y, t5/t6 for TO, s1/t6, y, and s6/t6 for SP, t6 and c1/t6, c2/t6, c3/t6 for CE1/3, and,
ﬁnally, t6 and d1/t6, d2/t6, d3/t6 for CE2/3(EU) and CE2/3(PT). The curves for power and
exponential ﬁttings are very similar.
Wilcoxon tests rejected linear utility for the power family (H0: r ¼ 1), both for TO
(z ¼ 2:24, po0:05) and for SP (z ¼ 2:32, po0:05), and likewise rejected linear utility
for the exponential family (H0: r ¼ 0; TO: z ¼ 2:72, po0:05; SP: z ¼ 2:42, po0:05).
Because the expo-power family does not contain linear functions, no test of linearity was
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Table 4
Descriptive statistics of individual parametric estimates
Parametric families
Power

TO
SP
CE1/3
CE2/3(EU)
CE2/3(PT)
a

Exponential

Expo-power

Median

Mean

St. Dev.

Median

Mean

St. Dev.

Median

Mean

St. Dev.

0.77
0.64
0.88
0.33
0.77

0.91
1.10
1.03
0.32
0.83

0.70
2.04
1.23
0.97
1.01

0.28
0.42
0.10
1.82
0.23

0.29
0.14a
0.39
2.21
0.25

0.90
2.51
1.73
1.86
1.95

1.29
1.12
1.31
0.17
1.30

1.33
1.46
1.44
0.39
1.27

0.75
2.08
1.21
0.56
0.94

If one outlier, participant 28, is excluded then the mean parameter is 0.18 and the standard deviation is 1.35.

Table 5
Results of paired t-tests
Parametric families
Exponentiala

Power

TO–SP
TO–CE1/3
TO–CE2/3(EU)
TO–CE2/3(PT)
SP–CE1/3
SP–CE2/3(EU)
SP–CE2/3(PT)
CE1/3–CE2/3(EU)
CE1/3–CE2/3(PT)
CE2/3(EU)–CE2/3(PT)
a

Expo-power

t

p

t

p

t

p

t46 ¼ 0.17
t33 ¼ 0.54
t33 ¼ 6.76
t33 ¼ 0.002
t33 ¼ 0.35
t33 ¼ 4.05
t33 ¼ 0.69
t33 ¼ 5.23
t33 ¼ 0.57
t33 ¼ 13.34

.867
.590
.000
.999
.730
.000
.493
.000
.572
.000

t45 ¼ 0.63
t32 ¼ 0.41
t32 ¼ 6.27
t32 ¼ 0.070
t32 ¼ 1.67
t32 ¼ 4.76
t32 ¼ 1.16
t32 ¼ 7.19
t32 ¼ 0.43
t32 ¼ 10.09

.532
.682
.000
.945
.105
.000
.255
.000
.672
.000

t46 ¼ 0.42
t33 ¼ 0.67
t33 ¼ 6.25
t33 ¼ 0.23
t33 ¼ 0.61
t33 ¼ 2.98
t33 ¼ 0.91
t33 ¼ 5.27
t33 ¼ 0.91
t33 ¼ 8.13

.677
.511
.000
.820
.546
.005
.368
.000
.370
.000

Participant 44 was excluded because the parameters of the exponential family did not converge for CE2/3.

carried out for this family. Table 5 presents the results of tests of equalities of utility
parameters.
The conclusions are the same for all families and agree with the conclusions in the main
text. The CE2/3 measurements, when analyzed using EU, differ signiﬁcantly from all the
other measurements. Those other measurements, including the CE2/3 measurements when
analyzed using PT, agree mutually. The statistics for analyses of variance with repeated
measures described in the main text concerned the expo-power family. The other families
give very similar statistics and the same conclusions.
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