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Learning in the Allais paradox
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Abstract Whereas both the Allais paradox, the first empirical challenge of the classical ra-
tionality assumptions, and learning have been the focus of many experimental investigations,
no experimental study exists today into learning in the pure context of the Allais paradox.
This paper presents such a study. We find that choices converge to expected utility maxi-
mization if subjects are given the opportunity to learn by both thought and experience, but
less so when they learn by thought only. To the extent that genuine preferences should be
measured with proper learning and incentives, our study gives the first pure demonstration
that irrationalities such as in the Allais paradox are less pronounced than often thought.
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The first empirical challenge of the classical rationality assumption in economics was made
by Allais (1953), through his famous choice paradox for decision under risk. It showed that
the majority of people systematically violate expected utility, the model commonly accepted
as the hallmark of rationality for choice under risk in those days. Allais’ paradox initiated
a flurry of empirical demonstrations that more and more basic rationality assumptions are
violated empirically (Camerer, 1995). To model these findings, theories were developed that
explicitly depart from rational choice and only pretend to be descriptive, such as prospect
theory (Kahneman and Tversky, 1979). The surprising achievement of these theories about
irrational behavior was that, contrary to earlier beliefs, they could maintain enough regularity
to be analytically tractable and to yield empirical predictions.
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A reaction to this literature, and a defense of the classical economic assumption of ratio-
nality, came from experimental economics. The original empirical evidence against expected
utility can be challenged on several grounds. Most of the original evidence came from one-shot
decision making experiments. It is likely that subjects never faced the considered decisions
before, and their acts may have been based on simple misunderstandings rather than on ir-
rationalities in genuine preference. The Allais paradox may arise, for example, because of
misperception and unfamiliarity with probability, an effect that will be reduced or will even
disappear after learning. In addition, the early experiments often used hypothetical choice,
so that subjects may not have been well motivated to reveal their true preferences.

The standards of experiments have been greatly improved by the modern principles of
experimental economics, with an emphasis on well-controlled experiments (Smith, 1982).
Thus, Plott’s discovered preference hypothesis asserts that “individuals have a consistent
set of preferences over states, but such preferences only become known to the individual
with thought and experience” (Myagkov and Plott, 1997, p. 821). Binmore (1999) took
an extreme position and compared testing an economic theory in a laboratory environment
without sufficient learning opportunities, without adequate incentives, and without feedback,
with performing a chemistry experiment using dirty test tubes. The importance of proper
learning and incentives, such as occurring in markets, to avoid irrationalities due to basic
misunderstandings and lack of motivation, has been demonstrated by many studies in many
domains (Brookshire and Coursey, 1987; Camerer and Ho, 1999; Cox and Grether, 1996;
Erev and Roth, 1998; Evans, 1997; List, 2004; Loomes, Starmer and Sugden, 2003; Myagkov
and Plott, 1997).

Whereas both the Allais paradox and learning have, thus, been the focus of numerous
experimental investigations (see also Camerer, 2003; Conlisk, 1989; Einav, 2005; Hertwig
and Ortmann, 2001, Section 3; Offerman, Potters, and Sonnemans, 2002; Starmer, 2000),
there exists no experimental study into learning in the context of purely the Allais paradox
today. Given the historical importance of the Allais paradox, and its continued importance
as a benchmark for risk models today, this absence is remarkable. There have been some
studies of the Allais paradox with repeated choice and learning, described in Section 3, but
these always involved other more complex phenomena. Hence, a pure test of the individual
rationality tested by the Allais paradox has not yet been obtained under learning. This paper
presents such a pure test.

Myagkov and Plott (1997) distinguished between learning through mere thought and
learning through thought and experience. To separate the effects of learning and of experience,
we gave feedback to our subjects in one treatment, so that learning is generated by both
thought and experience, and no feedback in another treatment, so that learning results merely
from thought and not from experience. Other than that, our setup was chosen to be as simple
and transparent as possible, so as to avoid all strategic interactions, framing effects, income
effects, or other effects beyond (violations of) independence. Cubitt, Starmer, and Sugden
(2001) recommended the use of setups as simple as possible to test individual rationality (p.
391). We will find that thought and experience together generate a drift towards expected
utility, but thought alone does not. Myagkov and Plott (1997) predicted a drift to rationality:

Thus, when individuals are first given questions, they are characterized by a type of
confusion. As they begin to formulate decisions in this state they are influenced by
“frames” in much the way that prospect theory asserts. As an understanding of the
context evolves, the manifestation of the underlying preferences becomes more clearly
observable in the data and decisions approach those predicted by the classical theory of
choice and preference. (p. 821)
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In general, to what extent the initial preferences with biases are important and to what
extent those that result after learning, will depend on context and application and is a topic for
future investigations. The importance of this topic is agreed upon by experimental economists
and behavioral economists alike. For example, Tversky and Kahneman (1986) wrote:

Indeed, incentives sometimes improve the quality of decisions, experienced decision
makers often do better than novices, and the forces of arbitrage and competition can
nullify some effects of error and illusion. Whether these factors ensure rational choices
in any particular situation is an empirical issue, to be settled by observation, not by
supposition. (p. S273)

1 The common ratio effect

We will focus on the common ratio version of the Allais paradox. Consider a pair of prospects
S=(p:s)and R=(0.8p:r) with 0 < p < 1. Prospect S (safe) yields a prize of €s with probability
p and nothing otherwise and prospect R (risky) yields a prize of €r with probability 0.8p
and nothing otherwise. If a decision maker faces a choice between S and R, expected utility
entails that the decision maker applies the following decision rule:

S»=R < pU(s) > 0.8pU(r) & U(s) > 0.8U(r),

where U(-) is the utility function (with U(0) = 0) and ;= denotes a weak preference for
prospect S over prospect R. Thus, expected utility theory predicts that preferences between
prospect pairs of this type are independent of p. However, numerous laboratory experiments
have shown that individual preferences are affected by the value of p (Camerer, 1995). In
particular, preferences often switch from S to R if p changes from 1 to an intermediate
value. This phenomenon contradicts expected utility and is known as the common ratio
effect.

The common ratio effect is accommodated, for instance, by prospect theory (Kahneman
and Tversky, 1979; Tversky and Kahneman, 1992). If decision makers are asked to choose
between prospects S and R, prospect theory assumes the following decision rule:

S=R & w(p)U(s) > w(0.8p)U(r),

where w(-) is a probability transformation function that transforms the objective probabilities
into subjective decision weights. This probability transformation function is usually assumed
to be inverse S-shaped, which implies that individuals overweight extreme outcomes rela-
tive to moderate outcomes (Tversky and Kahneman, 1992). Thus, for p = 1 prospect S is
more attractive relative to prospect R than for intermediate p, explaining the common ratio
effect. Other popular theories of decision under risk that can explain the common ratio ef-
fect include rank-dependent utility (Quiggin, 1981) and regret theory (Loomes and Sugden,
1982).

2 Existing evidence on the Allais paradox with repeated choice

The findings presently available in the literature do not give clear suggestions about what
will happen in a pure individual learning experiment for the Allais paradox, the topic of

@ Springer



158 J Risk Uncertainty (2006) 33:155-164

our study. In MacCrimmon (1968) and Slovic and Tversky (1974), subjects were first asked
to choose between Allais paradox-type prospects. Then the subjects were given prepared
normative arguments for and against the independence axiom and were asked to reconsider
their choices. This did not lead individual preferences to adhere to the independence axiom
of expected utility. In these experiments, subjects made decisions without real incentives
though, and opportunities to learn from experience did not exist.

Bone, Hey and Suckling (1999) also provided evidence against expected utility. In their
experiment, subjects were asked to register three common-ratio type choices without feedback
and were found to violate expected utility more often in the third round than in the first round.
However, in the second round, subjects were allowed to communicate and were asked to make
joint decisions with another participant, so that effects of social interaction came into play.

Results from an individual choice experiment by Keren and Wagenaar (1987) showed,
on the other hand, that individual choice behavior tends to converge to expected value max-
imization (i.e., expected utility with a linear utility function) if decision makers are asked
which prospect from a common ratio pair they prefer to play 10 times in a row. Here sub-
jects made hypothetical choices and individual learning opportunities were absent. Under
repeated decisions with repeated (hypothetical) payments, income effects play a role and
expected value is dictated merely by stochastic dominance and the law of large numbers,
which confounds the test of the Allais paradox or independence. To avoid these confounds,
the random lottery incentive system is commonly used in experiments on individual choice
under risk today, and we will use it too.

Barron and Erev (2003) asked some participants to choose between prospects S =
(1:$0.0075) and R = (0.8:$0.01), while others were asked to choose between prospects
S = (0.25:$0.0075) and R = (0.2:$0.01), for 400 rounds. After each decision, participants
received the prize of the chosen prospect. Results indicated a tendency for preferences to
converge towards expected value maximization over time. Subjects were not informed about
the true probabilities, so that attitudes towards unknown probabilities came in. In addition,
there were repeated payments, so that income effects and the law of large numbers distorted
the test of independence as they did in Keren and Wagenaar (1987). Remarkable in this study
is how much expected value, the obvious model for a sum total of 400 independent choices,
was violated.

Humphrey (2006) investigated the effect of learning on violations of coalescing, mono-
tonicity, and a common-consequence effect that was more complex than the Allais paradox
(with no certain option available). Choices were not elicited directly, but were derived indi-
rectly from certainty-equivalent matching questions. In the learning treatment, subjects were
shown 10 drawings from the relevant prospects before deciding. These drawings were ma-
nipulated so as to be representative. As in our treatment with feedback below, subjects could
infer about the probability distribution this way, but in Humphrey’s experiment no outcomes
were associated with the learning events so that they did not provide experience in this sense.
Mixed results were found, with some violations reduced but others enlarged.

Among others, Carbone and Hey (2000), Harless and Camerer (1994), Loomes, Moffat,
and Sugden (2002), and Schmidt and Neugebauer (2006) experimentally analyzed the role
of errors in decision making. Typically, subjects were first asked to register their preferences
between a large number of different prospect pairs two or three times. A random mechanism
then determined the prize of the randomly selected prospect to be played out for real at the
end of the experiment. Thus, subjects did not receive feedback from their earlier decisions
and only made a particular pairwise choice two or three times, limiting the opportunity to
learn. These studies mostly seemed to support expected utility theory plus a particular error
term.
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1‘2‘3‘4‘5‘6‘7‘8‘9‘10‘11‘12‘13‘14‘15‘16‘17‘18‘19‘20
Prospect A €5
Prospect B €r ‘ €0
1‘2‘3‘4‘5 6‘7‘8‘9‘10‘11‘12‘13‘14‘15‘16‘17‘18‘19‘20
Prospect C €5 €0
Prospect D €0 ‘ €r

Fig. 1 The presentation of the prospect pairs

3 Experimental design
3.1 Subjects

Our experiment was conducted at the Hogeschool of Amsterdam. Participants consisted of
undergraduate and postgraduate students from a wide range of disciplines. We approached the
students ourselves in a cantina, and asked if they wanted to participate in an individual decision
making experiment. In total, 52 subjects took part, divided equally over two treatments as
well as over both sexes. The experiment was purely individual and subjects made choices
under the direct supervision of the experimenter.

3.2 Stimuli

Each subject was asked to choose between two pairs of prospects S = ( p:s) and R = (0.8p:r)
in fifteen rounds. In one prospect pair, which we will call non-reduced, p was 1. In the other,
reduced, prospect pair, p was 0.25. Thus, the subject registered one choice between reduced
prospects S and R and one choice between non-reduced prospects S and R in each round. The
prospect pairs were presented in a matrix display, as shown in Figure 1.

All prospects yielded a possible prize, depending on a roll with a twenty-sided die. For
example, prospect C in Figure 1 yielded a prize of €s if the roll of a twenty-sided die was
1,2, 3, 4, or 5 and nothing otherwise. We decided to use the above juxtaposition of prizes
with the r-payment in D disjoint from the s-payment in C. There is evidence that, primarily
due to regret effects, this juxtaposition yields more violations of expected utility than other
juxtapositions (Loomes, 1988; Starmer and Sugden, 1989; Harless, 1992).

The probabilities of winning in each prospect were the same over all rounds. The prizes
of prospects S and R varied across the rounds. Table 1 displays the fifteen combinations of s
and r that were used.

The reduced and non-reduced prospect pairs as well as the prospects themselves were
presented in random order between subjects to avoid order effects.

3.3 Procedure

Atthe beginning of the experiment, each subject received instructions (see Appendix) and was
first asked to register preferences between four non-common ratio prospect pairs that served
to familiarize them with the procedure. Then they were asked to register their preferences
between the fifteen common-ratio prospect pairs. To determine the final payoff of participants,
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Table 1 The fifteen (s, r) combinations used

s 6.00 625 6.50 7.00 7.50 8.00 850 9.00 950 10.00 1050 11.00 11.50 12.00 12.50
r 7.75 850 9.00 925 9.50 11.00 11.25 11.50 13.00 13.50 14.00 15.00 15.50 15.75 16.00

arandom lottery incentive system was used. That is, at the end of the experiment, one choice
pair was selected at random and the prize of the selected prospect was paid out in cash. On
average, subjects earned about €6.50 while the total experiment lasted approximately fifteen
minutes.

The amount of feedback that participants received differed between the two treatments.
Under the treatment with feedback, subjects were asked to roll a twenty-sided die to determine
the prize of the chosen prospect after each choice. Even if subjects indicated preference for
a prospect that yielded a particular prize for certain we asked them to roll the twenty-sided
die, although some did not seem to pay much attention to the result. They were then asked to
write this prize down on their decision sheet, before continuing to the next choice. Thus, after
each decision, subjects immediately received feedback and, therefore, directly experienced
what the resolution of uncertainty was. Under the treatment without feedback, participants
only received feedback at the end of the experiment when the real payoff, resulting from the
randomly chosen choice situation, of the particular participant had to be determined. They,
therefore, did not experience what the consequences of other decisions were.

4 Results

Figure 2 depicts individual choice behavior under the two treatments over time. The differ-
ence in violations of expected utility between the two treatments in the first round reflects
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Fig. 2 Percentage of expected utility violations over rounds
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Table 2 Estimates of regression

Bo Bi Br BNF

0.597 (0.053) —0.087 (0.074) —0.018* (0.006) 0.006 (0.006)

Notes: Standard errors in parentheses.
*Significant at the 5% level.

between-subjects randomness (¢so = 1.70, p = 0.10). The following analyses will concern
within-subject differences.

We first consider the individual choice behavior under the treatment with feedback. Here,
46.15% of the participants violated expected utility theory in the first round of the experiment.
These subjects either preferred prospect S over R in the non-reduced prospect pair combined
with a preference for prospect R over S in the reduced prospect pair, or vice versa. In the final
round of the experiment only 23.08% of the individual choices violated the independence
axiom. This increase in expected utility consistency is significant, f,5 = 1.81, p = 0.04.
Moreover, in the first round 26.9% of the participants maximized expected value, which is
significantly lower than 58.0% in the final round of the experiment, #,5 = —3.33, p = 0.001.
Finally, there was a significant negative linear trend in the percentage of expected utility
violations over rounds, f,5 = 3.15, p = 0.005. Thus, individual choice behavior converged to
the descriptive predictions of expected utility under the treatment with feedback.

We next consider the treatment without feedback. Here, 69.2% of the individual choices
violated the predictions of expected utility theory in the first round of the experiment. In
the fifteenth round, the amount of expected utility violations dropped insignificantly to
61.5%, t,s = 0.46, p = 0.3232. The expected value violation rate in the first round also
did not differ significantly from that in the final round, 5 = —0.30, p = 0.38. We nei-
ther found significant evidence for the existence of a negative linear trend in the amount
of expected utility violations over rounds, ;5 = 0.98, p = 0.34. Thus, convergence of in-
dividual behavior to expected utility predictions was not found under the treatment without
feedback.

Without feedback, the average violation rate over all subjects and over all rounds (M =
0.64, SD = 0.04) was higher than that of subjects with feedback (M = 0.36, SD = 0.05).
Analysis of variance indicates that this difference is significant, F(1,50) = 19.65, MSE =0.05.

We also estimated the following simple regression model using OLS:

7w = Bo+ B1D + B D Round + Bne(1 — D)Round + ¢,

where 7 is the percentage of expected utility violations, D is a treatment dummy which equals
1 for the with-feedback treatment and O for the without-feedback treatment, and Round is
the number of the round. Table 2 gives the results.

Only B is statistically significant, which is consistent with our finding that convergence
to rationality over rounds is only present in the with-feedback treatment. Here, the percentage
of expected utility violations is estimated to drop by 1.8% per round.

5 Discussion and conclusion

Holt (1986) formulated a potential theoretical problem for the random-lottery incentive sys-
tem, if subjects interpret this system as one grand overall lottery. Subsequent studies showed
that this problem does not occur empirically (Cubitt, Starmer, and Sugden, 1998; Starmer
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and Sugden, 1991). This real-incentive system has become the almost exclusively used one
in individual choice experiments today. Its main features are that it avoids income and house
money effects.

The violations of expected utility found in the first round agree with the common findings
in the field (Camerer, 1995; Starmer, 2000). If subjects were given the opportunity to learn by
both thought and experience, the number of expected utility violations dropped significantly
over time. Subjects seemed to learn to maximize expected value, which is in line with the find-
ings of Keren and Wagenaar (1987) and Barron and Erev (2003). A possible explanation is that
probability transformation is reduced because of learning. With repetition and feedback, deci-
sion makers learn not only about the prize of the chosen prospects, but also about the prize that
the non-chosen prospects would have yielded. When a decision maker prefers prospect S in the
non-reduced prospect pair because of subjective probability distortion, he experiences that the
possible prize of prospect R was higher 80% of the time. This could induce the decision maker
to assess probabilities better, decreasing the amount of expected utility violations over rounds.

Results from the treatment without feedback support the above explanation. Under this
treatment, convergence of individual preferences to the descriptive predictions of expected
utility was not found. Clearly, subjects are unlikely to learn to assess probabilities better if
they are not able to learn about the prize of the chosen prospects or the prize of the non-chosen
prospects. This was predicted by Cubitt, Starmer, and Sugden (2001): “.. .what is repeated
must include not only the act of decision, but also the resolution of any uncertainty and the
experience of the resulting outcome” (pp. 393-394).

This paper has given a pure experimental demonstration that learning can reduce violations
of expected utility. Our experiment avoided distortions due to other factors beyond individual
risk attitude. Thus, to the extent that genuine preferences can be revealed only after proper
learning and with proper real incentives, this paper gives support for a better descriptive
validity of expected utility than suggested by earlier experimental studies of pure individual
decisions under risk.

Appendix A. Experimental instructions
The following experimental instructions have been translated from Dutch into English.

Welcome to this experiment. If you have any questions while reading these instructions,
feel free to ask the assistant of this experiment. The experiment consists of 2 practice rounds
followed by 15 real rounds. Every round consists of 2 parts. In each part of each round you
can earn a prize (in euros). At the end of the experiment you will randomly select 1 of the
15 real rounds by rolling a 20-sided die (in case you then roll a 16, 17, 18, 19 or 20, we will
ask you to re-roll the die). Thereafter you will randomly select the first (the roll is even) or
the second (the roll is odd) part of this real round by again rolling a die. Only the prize of
the selected part of the selected real round will be paid to you. The prizes of the lotteries in
this experiment range from €0 to €16. It is thus possible that by rolling the die at the end
of the experiment, you select a lottery with a prize of €0, and thus no euros will be paid to
you. It is also possible that by rolling the die at the end of the experiment, you will select a
lottery with a prize of €16, which will then be paid out to you. On average, the prize per
participant is about €6. At the beginning of each round you receive a sheet on which you
can write down your decisions. We will now explain the filling in of such a sheet on the basis
of the example-sheet that has already been handed out to you.

First, you see the number of the current round at the top of each decision sheet. In Part
1 of each round, we ask you to make a choice between two lotteries, named Lottery A and
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Lottery B. Both lotteries yield a particular prize that depends on the result of your roll with
a die. The rolling of this die using a cup takes place after you have made a choice between
both lotteries. If you choose Lottery A on the example-sheet and the result of the roll of
the 20-sided die is between 1 and 4, the prize of Lottery A is equal to €4. However, if the
result of the roll of the die is between 5 and 20, the prize of Lottery A is equal to €0. If
you choose Lottery B on the example sheet and the result of the roll of the 20-sided die is
between 1 and 12, the prize of Lottery B is equal to €0. However, if the result of the roll of
the die is between 13 and 20, the prize of Lottery B is equal to €3. After you have made a
choice between Lottery A and Lottery B by encircling either A or B on the decision sheet,
we ask you to roll the 20-sided die using the cup once and encircle the result of the roll on the
decision sheet. As mentioned before, the result of the roll determines the prize of the lottery
that you have chosen. After you have written down this prize on the decision sheet, Part 1
has ended and Part 2 begins.

The second part of each round is almost identical to the first part. We again first ask you
to choose between two lotteries, this time named Lottery C and D, by encircling either C or
D on your decision sheet. Then we ask you to roll the 20-sided die using the cup once and
encircle the result of the roll on the decision sheet. The result of the roll again determines the
price of the lottery that you have chosen, which you will write down on your decision sheet.
After filling in this price, the next round begins.

There are no right or wrong answers during this experiment. It exclusively concerns your
own preferences. In those we are interested. At each part of each round it is best to encircle
the lottery that you prefer. Surely, that part of that round can be selected at the end of the
experiment, and then you will get the prize of the lottery you have encircled. It is therefore
best for you to encircle your preferred lottery in each part. If you have no questions at this
point, the first of the 2 practice rounds will start now. Good luck!
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