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Abstract

To a considerable extent, risk aversion as it is commonly observed is caused by loss aversion.
Several indexes of loss aversion have been proposed in the literature. The one proposed in this paper
leads to a clear decomposition of risk attitude into three distinct components: basic utility, probability
weighting, and loss aversion. The index is independent of the unit of payment. The main theorem
shows how the indexes of different decision makers can be compared through observed choices.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Given the abundant evidence of the empirical failures of expected utility, the develop-
ment of tractable alternative theories for decision under risk is desizh&7] A popular
alternative theory is Quiggin®t4] rank-dependent utility. Tversky and Kahnemg[is8]
new version of prospect theory generalizes Quiggin’s theory by adding loss aversion as
a new component of risk attitude. Thus, new prospect theory combines the mathematical
elegance of Quiggin’s theory with the empirical realism of Kahneman and Tvel&k}'s
original prospect theory.
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Loss aversion reflects the observed behavior that agents are more sensitive to losses
than to gains, resulting in a utility function that is steeper for losses than for gains. The
phenomenon is empirically well-established and has been used in many appli§2®pns
However, little theory has been developed so far. Quantifications and parametrizations have
been chosen on an ad hoc basis. This paper is the first to propose a behaviorally founded
index of loss aversion to govern the exchange rate between gain and loss utility units. This
proposal leads to a clear decomposition of risk attitude into three distinct components: basic
utility, probability weighting, and loss aversion. We hope that this simple decomposition
will contribute in making prospect theory more tractable.

We will see that constant relative risk averse (CRRA, i.e. log-power) utility functions,
commonly used in finance and macroeconomics, encounter difficulties when modeling loss
aversion. Constant absolute risk averse (CARA, i.e. linear-exponential) utility performs
better in this regard. This result suggests that the development of new parametric families
of utilities may be desirable.

Although we will formulate our results for decision under risk, they can also be applied to
welfare theory, where loss aversion reflects the special sensitivity of consumers to decreases
in income. Sign-dependence of welfare transfers, which assigns more importance to the
reduction of decreases of income than to the enhancement of increases of income, provides
a promising way to generalize existing welfare evaluation models.

The paper is structured as follows. First, definitions are set out in Se&tibnen, our
proposed index of loss aversion is developed in Se@idPection4 gives a comparative
preference foundation by means of Yadi8] acceptance sets. Sectidpresents empirical
findings, and discusses the role of loss aversion in RaiBlgparadox. Sectiof provides
conceptual arguments for our proposal, and compares it with other proposals put forward
in the literature. Finally, Sectio presents an analysis of our index for parametric utility
families. Proofs are in the Appendix.

2. Prospect theory

Outcomes are monetary, wifR the outcome setWe assume that the agent perceives
one outcome as theference pointand the other outcomes as changes with respect to this
reference point. The reference point often is the status quo. By rescaling the outcomes, we
may assume that O is the reference point. Tlyamsare positive amounts ardssesare
negative amounts. Arospectdenoted by’ = (p1, x1;...; pn, xn), 8SSigNS a nonnegative
probability p; to each outcome;, where)"?_; p; = 1. Throughout, the outcomes i
are ordered from best to worst, with > --- > x; >0 > x341 > -+ > x, for some
0 < k < n. L denotes the set of all prospects. Each outcarigeidentified with the risk-
less prospectl, x). The preferences of an agent over prospects are denotgd twth
indifference denoted by-.

We next define the new version of prospect thgdg]. A prospect is decomposed into
its gain part, where all losses are replaced by the reference point 0, and its loss part, where
all gains are replaced by 0. Different rank-dependent formulas are then applied to the gain-
and loss-part, and, finally, these two formulas are added. Tversky and Kahiig&jan
axiomatized the theory for uncertainty. For risk, the context of this paper, the theory was
axiomatized by Chateauneuf and WakK&s].
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Formally,prospect theornolds if an evaluation function PiEpresents preferencéise.
P>=Q < PT(P) > PT(Q) for all prospectsP, Q), where PT is defined as follows:

(i) There exists autility function U : R — R, which is continuous and strictly increasing

with U (0) = 0.

(i) There existweighting functionsv™, w™~ : [0, 1] — [0, 1], which are continuous and
strictly increasing withw*(0) = w=(0) = 0 andw™ (1) = w= (1) = 1.

(i) PT(p1.x15...5 pnsXn) = Di—q MU (%), wWithm; = w(pr+---+ pi) —wt (p1+
.-+ pi_1) for i <k (rank-dependent utility for gains with respectud’) andr; =
w (pi+---+pp)—w (pi+1+---+ pu) fori > k (rank-dependent utility for losses
with respect to the dual ap~).1

3. An index of loss aversion

We assume that there exists a basic utility functichat reflects the intrinsic value of
outcomes for the agent. Because of the perception of a reference point, however, subjects
process losses differently from gains. The observable utilitg a composition of a loss
aversion index. > 0, reflecting the different processing of gains and losses, anuktsie
utility u. Formally,

u(x) ifx=>0

v = Ju(x) ifx <O.
Typically, people pay more attention to losségxceeds 1, and is steeper for losses than
for gains.

Within our model that, like most theoretical studies of prospect theory, is restricted to one
fixed reference point, it is impossible to sepatasand/ through observed choices without
specifying a scaling convention for the gain—loss exchange rateltifis nonidentifiability
of parameters has led to many misunderstandings in the literature. We hope that this paper
will help to clarify these misunderstandings, which is why we restricted its scope as we
did.

Tversky and KahnemdB8], who used the above decomposition, assumedihat= x*
for gains and:(x) = —|x|? for losses. This amounts to the implicit scaling convention that
u(l) = —u(-1) = 1, implying A = —g<51) (see Sectior6). This scaling convention
depends on the unit of payment. We wih propose another scaling convention, one that is
independent of the unit of payment.

Fig. 1 depicts a typical. The utility functionU has a kink at 0 and is smooth everywhere
else. Itis plausible that the kink is caused by loss aversion, and does not reflect an intrinsic

value of outcomes. That is, it is plausible that the basic utility funaticmsmooth (differ-
. . U, L
entiable) at 0. We, therefore, defihe= UT—EO; as thdoss aversion |nde>U% (0) denotes the
!
left, andUi (0) the right derivative ofJ at 0. We assume thax% (0) and Ui (0) exist, and
are positive and finite. The assumption of smoothnessaifO serves, so to speak, as our

scaling convention for the gain—loss exchange rate.

Lin particular,my = wt (pq) if k > 1 andm, = w™ (pp) if k < n.
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U(x)

Fig. 1.

It has been suggested before that the kink at O reflects loss aversion. For instance, Kahne-
man[30] writes: “The core idea of prospect theory [is]—that the value function is kinked at

. /(0 .
the reference pointand loss averse—...” (p. 1457). The ;Uﬁé@) was suggested informally
y

as a measure of loss aversion by Benartzi and THi@Jer. 74 . 5—6] Our paper formalizes
these suggestions. The indéxs invariant under changes of scaleldfand is, therefore,
well-defined. It is, moreover, invariant under scale transformations of the outcomes, i.e. it
is independent of the unit of payment. Further discussions and justifications of our proposal
are given in the following sections, and summarized in the conclusion.

4. Comparative loss aversion

Comparisons of loss aversion can be naturally formulated through Y§&3i{saccep-
tance sets, leading to a preference foundation for comparative loss aversion. Our preference
condition will imply that weighting functions and utility functions are the same for different
agents, which entails a considerable restriction. Similar restrictions, however, applied to the
first results on utility and, subsequently, probability weighting, as new components of risk
attitude.

The classical results on utility did not consider loss aversion and probability weighting,
and thus implicitly assumed that these are the same for all afgg519,43,48,63 with the
same subjective probabilities for different agenidje first results on probability weight-
ing either assumed linear utilif$4,49 with respect to probabilistic mixturesjr did not
disentangle probability weighting and utility curvatifel,15,17] None of the references
just mentioned considered loss aversion, which, therefore, is also the same for all agents.
Schmidtand Zan[b2] characterized strong risk aversion through a joint condition on utility
curvature, probability weighting, and our index of loss aversion without, however, disentan-
gling these components. Their result further suggests that our index is a natural component
of risk attitude.
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Assume two agents, 1 and 2, whose preferenceslgwienoted by=, and:=», can be
modeled by prospect theory with utility functiobtig, Us, underlying basic utility functions
u1, uz, l0ss aversion indexes, /2, and weighting functionso}”, wy, wJ, w,, respec-
tively. We denote the reference point of each agent by 0, where this can refer to different
absolute levels of wealth for the two agents.

L™ denotes the set of prospects with no loss outcomes,Lanthe set of prospects
with no gain outcomes. A prospectrisixedif it is contained neither i.™ nor in L, so
that it yields both gains and losses with positive probability. For an outogmwe define
A1(x) ={P € L | P=1x} to be agent 1'sicceptance sete. the set of prospects that the
agent prefersto receiving the sure outcomeéhegain acceptance se&tf (x) = A1(x)NLT
restricts attention to prospects with no loss outcomes. Similarlypdseacceptance set
A7 (x) = A1(x) N L™. Forx > 0, the setsAi’(—x) = LT andAj (x) = ¢, are empty.

Agent 2’s acceptance sets(x), A{(x), andA; (x) are defined similarly.

Assume that agent 2’s acceptance sets are contained in those of agent 1. This means that
agent 2 is more risk averse than agent 1 in Yaari’s sense. As will be discussed in Section
6, empirical studies suggest that loss aversion is a major factor in risk aversion. It can
therefore be expected that differences in observed risk attitudes of different agents are, to
a considerable extent, caused by differences in loss aversion, which is observed only in
mixed prospects. This paper characterizes the extreme, but not implausible, case in which
no significant differences are found for gain- or loss-prospects, but differences do occur
for mixed gambleg$6, p. 17] That is, the gain and loss acceptance sets of the two agents
are the same, but for mixed gambles the acceptance sets of agent 1 are larger than those of
agent 2. The following theorem shows that this special case of Yaari's preference condition
can be characterized in terms of the loss aversion index introduced in S8¢ctidrile
implying the same andw. Observatior? will demonstrate that Yaari's condition can also
be characterized in terms of some other indexes.

Theorem 1. Assume that the preferences of agdraad2 can be modeled through prospect
theory, such thatU%l(O), Uil(O), U%Z(O), and ULZ(O) are positive and finiteThen the
following Statement@) and(ii) are equivalent.

(i) The following three conditions hald
@ w2+ = wl+ andw, = wy,
(b) u1 = oup for somes > O (i.e.u1 anduy are strategically equivaleiit
(€) 42 > A1
(i) The following two conditions hoid
(@) Aj (x) = Af (x) and A, (—x) = A7 (—x) for all x > 0;
(b) Az(x) C A1(x) forall x € R.

In Theoreml(i), the conditions (b) and (c) are equivalent to the equality

Ui(x) x=0
oUs(x) = for somes > 0,7y > 1.
yU1(x) x <O
The characterizing preference condition can equally well be reformulated in terms of cer-
tainty equivalents instead of acceptance sets. That is, Statement (ii) in the theorem can be
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replaced by

e ForallPin L™ andinL™, the certainty equivalents of the two agents coincide;
e For allPin L, the certainty equivalent of agent 2 does not exceed that of agent 1.

Under rank-dependent utility and prospect theory, the implications of Yaari's famous
definition of comparative risk aversion by means of acceptance sets are as yet unknown.
Under expected utility, Yaari’s condition characterizes concave transformations of utility.
The restriction of Yaari’s condition in Theorefnalso characterizes concave transforma-
tions of utility, but of a special kind: with a kink at 0 and linear otherwise. Compared with
Yaari's characterization, we have characterized a more restrictive preference condition in a
more general model. The restrictive condition precisely captures an important new empirical
phenomenon, i.e. comparative loss aversion.

A way to axiomatically disentangle all components of risk attitude remains a topic for fu-
ture research. It would require isolating loss aversion without imposing identical acceptance
sets over the pure gain and the pure loss domain.

5. Empirical findings and suggestions

Empirical studies have suggested that loss aversion is a major factor in observed risk
aversion[30, Section Ill} [32,37,41,47] It is remarkable that no theoretical foundation
exists as yet for such an important empirical concept.

Rabin[45] and Rabin and Thalg46] provided further evidence for the dependence of
decisions on reference points. They assumed an agent who will always turn down a 50-50
gamble of losing $10 or gaining $11, independently of the agent’s initial wealth, and they
derived the following anomaly: under expected utility, this person would have to reject any
bet with a 50% risk of losing $100, no matter how high the potential gains would be. Such
an extreme degree of risk aversion is not realistic. Rabin and Thaler suggested that loss
aversion, with initial wealth as the reference point, provides a better explanation for the
observed preferences than does concave utility.

The separation of the three components, basic utility, probability weighting, and loss
aversion, is crucial if variations in the reference point are considered. §bdl@onsidered
such variations in game theory, and Bleichrodt efHl] used Shalev’'s model in utility
elicitation. A crucial assumption in these models is that basic utility is the same for different
reference points. We can then observe the loss aversion ibdgxomparing the kink of
utility U at a point when it is the reference point with the kinkbét that same point when
another point is the reference point. A scaling convention need no longer be invoked (work
in progress). Schmid60] and Sugdeifi56] gave general preference axiomatizations for
models with varying reference points.

We have introduced utility, probability weighting, and loss aversion as logically indepen-
dentfactors of risk attitude. Their empirical (in)dependence is more intricate. We believe that
basic utility is central in normative decisions, and can have empirical meaning independent
of the other factors and prior to risk, possibly reflecting preference intensities. However,
such interpretations are controversial, with debates dating back to the ordinal revolution
of the 1930s. We do not believe that probability weighting is normative, but consider it a
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psychological factor. No independent empirical implications have been suggested as yet,
although underlying psychological factors have been discl28¢2#,60,62]We, likewise,
consider loss aversion to be a psychological factor. It governs the exchange rate between
gain and loss utility units, which also affects large stagegn a utility functionLoss aver-

sion will not have direct empirical meaning independent of utility. Under some plausible
assumptions about utility, however, loss aversion does have direct empirical meaning, as is
explained next.

We expect that the common assumption of linear utility on small domains will be approx-
imately verified o0, m] and[—m, O] for moderate positiven, say a month’s salary. The
marginal utility on the second interval will, however, continue to exceed the marginal utility
on thefirstto a significant degree. The interfjvakz, m] will, also for very smalim, continue
to exhibit considerable deviations from linearity. Therefore, prospests; .5, —x), with
0 < x < m, will still exhibit considerable risk aversion. We think that the resulting con-
cavity of capitalU primarily reflects loss aversion (a kink at 0) rather than smooth concave
utility, the classical explanation. Prospe¢ts R + x; .5, R — x) will exhibit considerably
less risk aversion ifR| > m > x (so that they are nonmixed) thanRf = 0 (so that they
are mixed). Empirical support for the latter claim can be founf2827] Both kinds of
prospects are similarly affected by probability weighting, and the difference in risk aversion
between them is due to loss aversion. In this way, direct estimations of loss aversion can be
obtained. Our views on utility agree with those of Rabin and Thaler. First-order risk aversion,
discussed mostly for rank-dependent uti[i8], may be driven by loss aversion to a great
extent.

6. Alternative definitions of loss aversion

Alternative scaling conventions for the gain—loss exchange ratecah be considered,
leading to different definitions of loss aversion. For example,>a 0 can be chosen and
—u(—1) = u(1) (= U(1)) can be set, resulting in = =22 Such different conven-
tions will imply thatu is nondifferentiable at 0. Tversky and Kahnemd®8] approach
is a special case thereof, with= 1 as implicit convention. The same implicit conven-
tion was used within the expected utility framewd#4,28], in an alternative preference
foundation of PT[39], and for life duration as outcon{@0]. Our definition1 = zT—ES;
can be considered the limiting casewadpproaching 0. We chose our definition belcause it
does not depend on the unit of payment, so that it is the same across different countries,
and does not require readjustment after inflation or a change of currency, as happened in
Europe in 2002.

With utility given, the aforementioned indexes all differ from our index by a positive
constant. This implies the following observation, suggested to us by a referee.

Observation 2. Theoreml holds not only for our loss aversion inddout also for any loss
aversion index-U (—71)/ U (7) for fixedt > 0.

Decompositions of an overall utility function into an underlying basic utility and addi-
tional psychological factors have been considered b¢idrd 8,the additional factor being
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equity, 33, the additional factor being fairnes3g, the additional factor being disappoint-
ment,54]. Sugder[56] considered an alternative decomposition of utility. He assumed no
probability weighting, and maximized the expectatiopf (x) —u(r)) with r the reference
outcome (that need not be riskleasp satisfaction function, ang an evaluation function.

This decomposition is reminiscent of a decomposition that became popular in decision anal-
ysis in the 1980§19,34], where the expectation ¢f(u(x)) is maximized, withu a riskless

value function an@ an additional component reflecting risk attitude. In this decomposition,
there is no reference dependence. Sugdertemprises both such additional risk attitude
and loss aversion. I, the reference-independent component in Sugden’s model, is taken
as the normative component of utility, similar to our basic utility, then his transformation
could be an additional psychological component that not only comprises loss aversion but
also other factors such as numerical sensitivity. Such factors, while ignored in this study
and in[11], were investigated empirically {i35].

The loss aversion indekis of a psychological nature. Itis affected by strategically irrel-
evant perceptions of the reference point, such as those underlying the known discrepancies
between willingness to pay and willingness to acd@pt In some situations it may be
deemed desirable to let the basic utilihhave a kink at 0, if losses bring genuine extra
inconveniences not matched by corresponding gains. Whether such a change of marginal
utility around 0 is drastic but still smooth, or abrupt, is not an empirical question, because
we do not observe stakes smaller than pennies. It is a question of pragmatic modeling. For
consumers who typically receive a fixed amount of money each month and spend it contin-
uously, we think that an abrupt change of marginal utility precisely at the current reference
point is implausibld3, p. 432] [56, p. 186] If there are, however, genuine empirical or
pragmatic reasons for an intrinsic kink of utility at some point, and if this point happens
to be the reference point, then we think that this kink should be incorporated in the basic
utility function and not in loss aversion.

Inaninteresting study, Huber et 9] specified the true preference system of a principal,
and asked participants (“agents”) to represent the principal in decisions. Remarkably, there
stillwas considerable loss aversion, in deviation from the true preferences. The authors write:
“In many settings, one cannot tell whether loss aversion is a bias or merely a reflection of the
fact that losses have more emotional impact than gains of equal magnitude. In our choice
and rating tasks, however, we found clear evidence that agents motivated to accurately rep-
resent the preferences of others gave more weight to negative outcomes than is appropriate”
(p. 88).

The scaling convention that we chose to define loss aversion seems to be plausible, but
does not cover all concepts of loss aversion advanced in the literature. As these concepts
have varied from one context to another, there can, unfortunately, be no one definition that
optimally meets all objectives. Examples can be devised in which our definition is counter
to some terminologies used before. For example, assuméJtigadifferentiable at 0 so
that Z is 1, U is the identity for positive outcomes, atdlis very concave for negative
outcomes. Ther-U (—y) exceedd/(y) for all y > 0, a condition which has sometimes
been interpreted as loss aversi8i,40], [56, Footnote 1Q]In our terminology, the loss
aversion index is 1, suggesting no loss aversion. Instead, we say ihatore concave for
losses than for gains. Such discrepancies between our definition and others in the literature
are not empirically plausible.
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Besides the definition of loss aversion of Kahneman and Tvd@&kyand others, just
mentioned, other definitions of loss aversion have been proposed. Wakker and Té&fsky
defined loss aversion as the requirementtiat-x) > U’(x) for all positivexand provided
a preference foundation. A comparative extension, and empirical test, of the condition are in
[50,51] Bleichrodt and Miyamot$10] characterized the condition for the health domain.
Neilson[42, Theorem 2hlso considered and characterized a weaker condition, requiring
thatU(x)/x > U(y)/y forall x < 0 < y. Sugden[56, Definition 14]considered the
same condition for his gain-/loss evaluation functiprBowman et al[12] and Breiter et
al. [13] imposed a stronger condition, namély(x) > U’(y) for all x < 0 < y, which
was characterized by Neils¢42, Theorem 3]JAll these alternative definitions imply both
our definition of loss aversion and that of Kahneman and Tvef3kj. The alternative
definitions have in common that loss aversion cannot be separated from utility curvature.

Benartzi and ThaldB] related loss aversion to the local behavior of utility near 0, as this
paper does. In this approach, loss aversion is a third component of risk attitude, separate
from probability weighting and basic utility and, thereby, from the curvature of utility for
gains and losses. We feel that the kink at 0 is more naturally modeled as a separate conceptual
component than as part of (basic) utility. The convenience of the resulting three-component
decomposition of risk attitude motivated our proposal of the fatt®hether/ is called
an index of loss aversion or otherwise is, in the end, a terminological issue.

7. Implications for parametric families of utility

The cases oU%(x) andUi(x) equal to 0 oo have been excluded in our definition of
loss aversion. In empirical studies, however, constant relative risk aversion is commonly
assumed, with utility functions of the form

x" ifx>0

v = —s(—=x)! ifx <0

[28,58] These functions have extreme (Ocai) derivatives at 0 whenever the power is not
1. This point complicates our definition of loss aversioversky and Kahnemaf58]

. . UL@©
foundr = r = 0.88. In such an exceptional case, witk- ¢, UT—Eoi can be set equal & so
!
... ULQO . . .
that our definitiorv. = UT—EO;(z s) may still be meaningful. If < r, then our loss aversion
{

index is infinite, independently «f which is undesirably extreme. In this case, no basic
utility function can be defined.

The most common case of power utility is< ¢t. More precisely, utility is concave
for gains, convex for loss€d,22,25,58] and closer to linear for losses than for gains
(O<r <t <1)][1,p.1506][20,36] Then our loss aversion index is 0, independently of
sand, again, no basic utility function can be defined.

2This complication was called to our attention by Donkers, personal communication.
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In the cases described above, nondegenerate loss aversion can be defined for the other
indexes infabove Observati@ However, then the resulting basic utility is not smooth at
0, and we feel that such loss aversion indexes and basic utilities are ad hoc.

Rabin[45] pointed out that CRRA utilities, while predominantly used in macroeconomics
when large stakes are relevant, should not be used on domains with both large stakes and
small stakes near 0 [p. 1287]. Our analysis suggests new modeling problems for CRRA
utility for mixed prospects. There is another, empirical, problem for CRRA utility for mixed
prospects. If < r then, no matter how smalis, we havd/ (x) > —U (—x) for sufficiently
largex > 0, contrary to the empirical findings.4f> r then, no matter how largsis, U (x)
exceeds-U (—x) for all x in a sufficiently small neighborhood of 0, again contrary to the
common empirical findings. Thus, unless- 1, CRRA utility always entails the existence
of U(x) > —U(—x), contrary to the empirical findings. The above discussion shows that,
for mixed prospects with outcome 0 and degenerate derivatives in the center of the domain,
there are several modeling problems for CRRA utility.

We next demonstrate that CARA, i.e. exponential, utility does not encounter the problems
at 0 described in the preceding paragraphs. Take

e -1
v

1™ forallx >0
u(x) = K
forallx <0

as basic utility, and define:

1™ forallx >0
Ux) = B
A=) forallx <.

The division by andv is a normalization which ensures that the left and right derivatives of
the basic utility are 1 at 0. Foror v equal to 0, the functions are to be taken as linear. In this
family, u controls the concavity of utility for gains,the convexity of utility for losses, and

A the loss aversion. For > 1 and O< v < u, this family exhibits some desirable features
regarding loss aversion discussed above. We hdvé—x) > U (x) forallx > 0 and, even
strongerlJ'(—x) = Ae™"* > ¢7* = U'(x) forall x > 0. The latter inequality is the strong
form of loss aversion of Wakker and TverdBi], which implies our condition. Pratt[43]
measure of concavityi(x) = —U"(x)/U’(x) satisfies O< —A(—x) = v < u = A(x) for

all x > 0, showing thatJ is convex for losses, concave for gains, and closer to linear for
losses than for gains, again in agreement with the empirical findings.

Acknowledgments

Veronika Kdbberling thanks the Dutch Science Foundation NWO for financial support
under Grant 425-11-003. Han Bleichrodt, a referee, and an associate editor made helpful
comments.



V. Kébberling, P.P. Wakker / Journal of Economic Theory 122 (2005) 119-131 129
Appendix: proof of Theorem 1

(i) — (ii): Let (i.a—c) hold. We have to show that (ii.a—b) hold, of which only (ii.b)
is elaborated, because (ii.a) is trivial. Lete Rand P € Az(x), i.e. PT2(P) > Uz(x).

Let P = (p1, X153 Py Xp) With x1 > -+ 2 x 20 > x441 > --- > x, for some
0 <k <n.DefineP* = (p1,x1:...; pt, xx; 1= p1—---—pr, 0)andP~ = (1— pyy1—
«— Pns 05 1, Xk+1; -5 Pas Xn). We may, and will, assume = 1. ThenPTo(P) =

PTo(Pt) + PTo(P~) = PTi(PT) + %PTl(P*) < PTy(P). If x >0 thenUs(x)
Ui (x), and, thereforel/1(x) < PTi(P). If x < 0 thenUy(x) = %Ug(x) < j:—;PTz(P) =

};PTZ(PJF) + ’1PT2(P ) = ’1PT1(P+) + PT1(P7) < PTi(P). Hence,P € A1(x)
and, thereforeAg(x) C A1(x).

(ii) — (i): Let (ii.a—b) hold. We have to show that (i.a—c) holé. andU; are continuous
and strictly increasing, angt » and = 1 coincide onl. ™ andL ~. Standard uniqueness results
[59, Theorem 12]mply thatw] (p) = wi (p) andw; (p) = w1 (p) for all p € [0, 1].
Furthermorel/>(x) = aUi(x) + fforallx € RT, andU»(x) = yUs(x) +dforallx € R~
with o, 8,7, 0 € Randa, y > 0. We have/2(0) = U1(0) = 0 so thatf = 6 = 0, and may
normalizeUz(1) = U1(1) = 1 (i.e.0 = 1 and, nowp = 1). It then follows that

Ui(x) x>0
Ua(x) = {
yU1(x) x <0.

It is left to show thaty > 1. Let P = (p,1; 1 — p, —1) be such thattT»>(P) < 0 and
0 < p < 1. Becausd/s is continuous, there existsyae R~ with Ux(y) = PT>(P),
implying P € A(y). We have, with the inequality implied by (ii.b)yf(p)Ul(l) +
w; (1= pylsi(=1) = g(p)Uz(l) +wy (1= p)U2(-1) = PTz(P) Ua(y) =
yU1(y) < yPTi(P) = ywi (p)Ur(D) + ywy (1 — p)Usr(—1). Becausen; (p) > 0 and
U1(1) > 0, thisimpliesy > 1. O
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