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As pointed out to me by Han Bleichrodt, the proof, incorrectly, assumes that the 

projection of a closed set is closed.  This need not hold true in general.  For example, 

within ¸2, project the graph of the function 1/x for positive x (i.e. the set {(x,1/x): x > 

0}) on the x-axis.  The graph is closed but its projection is the open, and not closed, set 

{x ∈¸: x>0} of positive numbers.  The lemma is correct though, and V is continuous.  

A different proof is given hereafter. 

 

Consider the set V−1{ β∈R|β s α}, and let (x2,…,xn) be an element thereof.  Then 

(γ,x2,…,xn) ∈ Iab for some γ s α, and, by monotonicity and favorableness of problem 

1, a c(α,x2,…,xn) b.  For illustration, assume that problem 2 is favorable.  By preference 

continuity and connectedness, either x2 is maximal (a case that is actually excluded by 

the other axioms, especially solvability, but we will not prove this) or there is an x2’ s 

x2 such that still a c(α,x2‘,x3,…,xn) b.  For illustration, assume further that problem 3 is 

unfavorable.  By preference continuity and connectedness, either x3 is minimal (which 

is actually excluded by the other axioms) or there is an x3’ c x3 such that still a 

c(α,x2‘,x3‘,x4,…,xn) b.  We end up with an inductively defined neighborhood of (x2,…,xn) 

in V−1{ β∈R|β s α} of the form B2 × … × Bn where for each j:  

Bj = {δ: δ c xj’} for an xj’ s xj if problem j is favorable and xj is not maximal. 

Bj = {δ: δ s xj’} for an xj’ c xj if problem j is unfavorable and xj is not minimal. 

Bj = R if problem j is neutral, or if problem j is favorable and xj is maximal, or if 

problem j is unfavorable and xj is minimal.   

For every element of V−1{ β∈R|βs α} we can construct a neighborhood within 

V−1{ β∈R|βs α}, so that the latter set must be open.  Similarly, V−1{ β∈R|βc α} is 

open for each α.  Continuity of V follows.  Ä  


