
Adapting extreme value statistics to �nancial time series:

dealing with bias and serial dependence

Laurens de Haan
(1)

ldehaan@ese.eur.nl

(1)Dept. of Economics,

Erasmus university,

P.O. Box 1738,

3000 DR Rotterdam,

The Netherlands.

Cécile Mercadier
(2)

mercadier@math.univ-lyon1.fr

(2)Université de Lyon,

CNRS, Université Lyon 1,

Institut Camille Jordan,

43 blvd du 11 novembre 1918,

69622 Villeurbanne, France.

Chen Zhou
(1,3)

zhou@ese.eur.nl

(3)Economic and Research Div.

De Nederlandsche Bank,

P.O. Box 98,

1000AB Amsterdam,

The Netherlands.

Abstract

We handle two major issues in applying extreme value analysis to �nancial time series,

bias and serial dependence, jointly. This is achieved by studying bias correction method when

observations exhibit weakly serial dependence, namely the β−mixing series. For estimating the

extreme value index, we propose an asymptotically unbiased estimator and prove its asymptotic

normality under the β−mixing condition. The bias correction procedure and the dependence

structure have an interactive impact on the asymptotic variance of the estimator. Then, we

construct an asymptotically unbiased estimator of high quantiles. Simulations show that �nite

sample performance of the estimators re�ects their theoretical properties. We apply the new

method to estimate the Value-at-Risk of the daily return on the Dow Jones Industrial Average

Index.
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1 Introduction

In �nancial risk management, a key concern is on modeling and evaluating potential losses occurring

with extremely low probabilities, i.e. tail risks. For example, the Basel committee on banking su-

pervision suggests regulators to require banks holding adequate capital against the tail risk of bank

assets measured by the Value-at-Risk (VaR). The VaR refers to high quantile of the loss distribu-

tion with an extremely low tail probability.1 Estimating such risk measures thus relies on modeling

the tail region of distribution functions of asset values. To serve such a purpose, statistical tools

stemming from Extreme Value Theory (EVT) are obvious candidates. By investigating data in an

1In the revised Basel II accord and the subsequent Basel III accord, the VaR measures for risks on both trading
and banking books must be calculated at a 99.9% level.
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intermediate region close to the tail, extreme value statistics employs models to extrapolate inter-

mediate properties to the tail region. Although such an attractive feature of extreme value statistics

makes it a popular tool for evaluating tail events in many scienti�c �elds such as meteorology and

engineering, it has not yet emerged into as a dominating tool in �nancial risk management. This

is potentially due to some crucial critiques on applying EVT to �nancial data; see, e.g. Diebold

et al. [2000]. The critiques are mainly on two issues: the di�culty in selecting the intermediate

region in estimation and the validity of the maintained assumptions in EVT for �nancial data. This

paper tries to deal with the two critiques simultaneously and provide adapted EVT methods that

overcome the two issues jointly.

We start with explaining the problem on selecting the intermediate region in estimation. Extreme

value statistics usually use only observations in an intermediate region. This has been achieved by

selecting the highest (or lowest when dealing with lower tail) k = k(n) observations in a sample

with size n. The problem on selecting k is sometimes referred to as �selecting the cuto� point�.

Theoretically, the statistical properties of EVT-based estimators are established for k such that

k → ∞ and k/n → 0, as n → ∞. For a �nite sample application, such a condition can not

be veri�ed. Thus, in practice, it is necessary to solve the problem on the choice of the number

of high observations used in estimation, or selecting the �cuto� point�. For �nancial practitioner,

two di�culties arise: �rstly, there is no automatical procedure on the choice of k; secondly, the

performance of the EVT estimators is rather sensitive to this choice. More speci�cally, there is a

bias-variance tradeo�: with low level of k, the estimation variance is at a high level which may not

be acceptable for application; by increasing k, i.e. using progressively more data, the variance is

reduced, but at the cost of an increasing bias, because the EVT models are assumed to hold only

in the tail region.

Recent developments in extreme value statistics provide two solutions. One solution considers

establishing an automatic procedure to select the optimal cuto� point that balances the bias and

variance by a bootstrapping method, see, e.g. Danielsson et al. [2001]. The other solution considers

correcting the bias that exists in EVT estimators and consequently allowing a higher and less

sensitive level of k, see, e.g. Gomes et al. [2008]. Compared to the bootstrapping method, the bias

correction method allows eventually a larger value of k and consequently a lower level of estimation

variance without su�ering from the bias issue. Moreover, it leads to a more �exible choice of k. For

application, the bias correction method is thus preferred for handling the problem on selecting the

cuto� point.

The other criticism on applying extreme value statistics to �nancial data is on the fact that most

existing EVT methods require independent and identically distributed (i.i.d.) observations whereas

�nancial time series exhibits obvious serial dependence feature such as volatility clustering. This

issue has been addressed in works dealing with weakly serial dependence, see, e.g. Hsing [1991] and

Drees [2000]. The main message from these studies is that usual EVT methods are still valid under

weakly serial dependence, although the asymptotic variance of estimators may di�er from that in

the i.i.d. case.
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With the aforementioned developments in extreme value statistics, it seems that one can handel

the two major critiques on EVT methods, and the EVT tools should be ready for applications to

�nancial data. However, the literature addressing these two issues are mutually exclusive: in the

bias correction literature, it is always assumed that the observations form an i.i.d. sample; in the

literature on dealing with serial dependence, the choice of k is assumed to be su�ciently low such

that there is no asymptotic bias. Therefore, it is still an open question whether we can apply the

bias correction technique to datasets that exhibit weakly serial dependence. The answer to such a

question can ultimately clear the two hurdles that prevent the application of EVT-type tools. This

is what we tend to address in this paper.

We consider bias correction procedure on estimating the extreme value index and high quantiles

for β−mixing stationary time series with common heavy-tailed distribution. The bias term stems

from the approximation of the tail region of distribution functions. In EVT, a second order condition

is often imposed to characterize such an approximation. Such a condition is almost indispensable

for establishing asymptotic properties of estimators. To correct the bias, one needs to estimate

the second order scale function, the function A in (3) below. The existing literature is restricted

to the case A(t) = Ctρ with constants C 6= 0 and ρ < 0. The estimation of C requires extra

conditions. Instead we estimate the function A in a non-parametric way which makes the analysis

and application smoother. We prove that the asymptotically unbiased estimators possess usual

statistical properties such as asymptotic normality. The bias correction procedure and the serial

dependence structure have an interactive impact on the asymptotic variances of the estimators.

We conduct simulations to show the performance of the asymptotically unbiased estimators under

weakly serial dependence. The method is applied to estimate VaR of the daily returns on a stock

market index.

The asymptotically unbiased estimators we obtain have the following advantages. Firstly, it

allows serial dependence in the observations. Secondly, one may apply the unbiased estimator with

a higher value of k, which reduces the asymptotic variance and ultimately the estimation error

thanks to the bias correction feature. Thirdly, the theoretical range of potential choices of k in our

unbiased estimators is larger than the original estimators. This makes the choice of k less crucial.

All these features become apparent in simulations and application.

The paper is organized as follows. Under a simpli�ed model without serial dependence, Section

2 presents the bias correction idea for the Hill estimator. Section 3 presents the general model with

serial dependence, particularly, the regulatory conditions we are dealing with. Section 4 de�nes the

asymptotically unbiased estimators of the extreme value index and quantiles. In addition, we state

the main theorems on the asymptotic normality of these two estimators. The asymptotic variances

of the unbiased estimators are computed in Section 5 for particular models. Section 6 demonstrates

�nite sample performance of the asymptotically unbiased estimators based on simulations. An

application to estimate the VaR of daily returns on the Dow Jones Industrial Average Index is given

in Section 7. All proofs are postponed to Appendix A.
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2 The idea of bias correction under independence

For the sake of simplicity, we �rst introduce our bias correction idea under the assumption of

independent and identically distributed (i.i.d.) observations in this section. We will show later that

our bias correction procedure also works for β−mixing series.

2.1 The origin of bias

Let {X1, X2, . . .} be an i.i.d. sequence of random variables with a common distribution function F .

We assume that the distribution function F belongs to the domain of attraction. We present the

domain of attraction condition with respect to the quantile function U := (1/1 − F )←, where ←

denotes the left-continuous inverse function. That is, there exists a positive function a(t) and a real

number γ such that

lim
t→∞

U(tx)− U(t)

a(t)
=
xγ − 1

γ
, for x ≥ 1.

The parameter γ is called the extreme value index, which largely determines the tail behavior of F .

We focus on the case γ > 0 in which case the domain of attraction condition is equivalent to

lim
t→∞

U(tx)

U(t)
= xγ , x > 0 . (1)

The distribution function F with a positive γ is also referred as a heavy-tailed distribution. For a

heavy-tailed distribution, the relation (1) governs how a high quantile, say U(tx), can be extrapo-

lated from an intermediate quantile U(t) . Clearly, estimating the extreme value index γ is a major

step in estimating high quantiles.

In the heavy-tailed case, Hill [1975] proposes the following estimator of the parameter γ,

γ̂k :=
1

k

k∑
i=1

logXn−i+1,n − logXn−k,n , (2)

where X1,n ≤ X2,n ≤ . . . ≤ Xn,n are the order statistics and k is an intermediate sequence such that

k →∞ and k/n→ 0 as n→∞.

To obtain the asymptotic normality of the Hill estimator (and most other estimators in extreme

value statistics), it is necessary to quantify the speed of convergence in (1). We thus assume a

second-order condition on the function U as follows. Suppose that there exist a positive or negative

function A with limt→∞A(t) = 0 and a real number ρ ≤ 0 such that

lim
t→∞

U(tx)
U(t) − x

γ

A(t)
= xγ

xρ − 1

ρ
,
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for all x > 0. It is equivalent to

lim
t→∞

logU(tx)− logU(t)− γ log x

A(t)
=
xρ − 1

ρ
; (3)

see, for instance de Haan and Ferreira [2006, Proof of Theorem 3.2.5]. Compared to the second

order condition, condition (1) is sometimes called the �rst order condition.

The estimator γ̂k is consistent under the �rst order condition. Under the second order condition

(3), the asymptotic normality can be established for i.i.d. observations as

√
kλ (γ̂kλ − γ)

d−→ N

(
λ

1− ρ
, γ2
)
, (4)

if the intermediate sequence kλ satis�es limn→∞
√
kλA(n/kλ) = λ. This condition imposes an upper

bound on the speed at which kλ goes to in�nity. The asymptotic bias for the Hill estimator is

consequently given by the term λ
1−ρ .

To obtain an asymptotically unbiased estimator, we will �rst estimate the bias term and then

subtract that from γ̂k. The asymptotically unbiased estimator is then given as γ̂k − B̂iask , where

Biask :=
A(n/k)

1− ρ
. (5)

A formal de�nition of the asymptotically unbiased estimator is given in equation (11) below.

One important consequence of the bias correction method is on the choice of the intermediate

sequence k. In our asymptotically unbiased estimator, the limit of
√
kA(n/k) does not need to be

�nite as that of kλ, see below the condition (6). Thus it allows for larger value of k. In other words,

we can reduce the level of estimation variance without su�ering from the bias issue. Moreover, our

asymptotically unbiased estimator allows a larger range of k. The �cuto� point� is thus solved thanks

to the less sensitivity with respect to k. We shall demonstrate this showing that the estimates stay

at a stable level for a much wider range of the k values in simulations.

2.2 Estimating the bias term

The estimation of the bias term requires estimating the second-order parameter ρ and the second-

order scale function, A(n/k), appearing in the condition (3). The parameter ρ controls the speed of

convergence of most γ estimators. In the following we restrict the study to the case ρ < 0. In the

literature of bias correction, in order to establish the asymptotic property of estimators of ρ, it is

necessary to chose a higher intermediate sequence kρ = kρ(n) such that kρ →∞, kρ/n→ 0 and

√
kρA(n/kρ)→∞ , (6)

as n → ∞, see e.g. Gomes et al. [2002]. This provides a lower bound to the speed at which kρ

goes to in�nity. Furthermore, the asymptotic normality of all estimators of ρ is achieved under the
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assumption of i.i.d. observation and a third-order condition. The latter is given as follows. Suppose

that there exist a positive or negative function B with limt→∞B(t) = 0 and a real number ρ′ ≤ 0

such that

lim
t→∞

1

B(t)

{
logU(tx)− logU(t)− γ log x

A(t)
− xρ − 1

ρ

}
=

1

ρ′

{
xρ+ρ

′ − 1

ρ+ ρ′
− xρ − 1

ρ

}
, (7)

for all x > 0. If the observations are i.i.d., the asymptotic normality of all existing estimators of ρ,

including that of the one we use in (10) below, holds under the condition (7) and with a sequence

kρ such that as n→∞, kρ →∞, kρ/n→ 0 and

√
kρA(n/kρ)→∞,

√
kρA

2(n/kρ)→ λ1,
√
kρA(n/kρ)B(n/kρ)→ λ2 , (8)

where λ1 and λ2 are both �nite constants; see for instance Gomes et al. [2002] and Ciuperca and

Mercadier [2010]. Here, since we are going to deal with β−mixing series, we need to re-establish the

asymptotic property of the ρ estimator. The details are left to Appendix A.

In order to avoid extra bias stemming from the third order condition, the k sequence we use for

the asymptotically unbiased estimator of the extreme value index is of a lower order, compared to

the kρ sequence. More speci�cally, we use a sequence kn such that as n→∞, kn →∞, kn/kρ → 0

and √
knA(n/kn)→∞,

√
knA

2(n/kn)→ 0,
√
knA(n/kn)B(n/kn)→ 0 . (9)

Comparing our asymptotically unbiased estimator with the original Hill estimator, the k se-

quences used for estimation are at di�erent level. The conditions on kn and kλ imply that kn/kλ →
+∞ as n → ∞. Since the asymptotic variance of both the asymptotically unbiased estimator and

the original Hill estimator is of an order 1/k, using a sequence kn increasing faster than kλ leads to

a lower asymptotic variance of our asymptotic unbiased estimator compared to that of the original

Hill estimator.

In addition, the k sequence used for the asymptotically unbiased estimator is more �exible in the

following sense. The condition that
√
kλA(n/kλ) → λ restricts the level of kλ as kλ = O

(
n

2ρ
2ρ−1

)
,

whereas condition (9) implies that kn = O (nτ ) for any τ ∈
(

2ρ
2ρ−1 ,

2(ρ+max(ρ,ρ′))
2(ρ+max(ρ,ρ′))+1

)
.

3 The serial dependence conditions

In this section, we present the serial dependence conditions on the time series we are going to

deal with. The serial dependence structure follows from the so-called β−mixing conditions. The

β−mixing conditions have been introduced by Rootzén [1995], Drees [2000, 2003] and Rootzén [2009]

as follows. Let {X1, X2, . . .} be a stationary time series with common distribution function F . Let

Bji denote the σ-algebra generated by Xi, . . . , Xj . The sequence is said to be β-mixing or absolutely
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regular if

β(m) := sup
`≥1

E

(
sup

E∈B∞`+m+1

∣∣∣P(E|B`1)− P(E)
∣∣∣)→ 0

as m→∞. The constants β(m) are called the β-mixing constants of the sequence.

The asymptotic normality of the original Hill estimator has been established for β-mixing se-

quences in Drees [2000, 2003] with some mild extra conditions. With a sequence kλ such that
√
kλA(n/kλ)→ λ as n→∞, it is proved that

√
kλ (γ̂kλ − γ)

d−→ N

(
λ

1− ρ
, σ2
)
,

where σ2 is equal to γ2 under independence but is more complicated otherwise. The extra conditions

for establishing the asymptotic normality of the Hill estimator are the following list of regulatory

conditions. Suppose there exist a constant ε > 0 and a sequence ` = `n such that as n→∞,

(a) β(`)
` n+ `k−1/2 log2 k → 0 ,

(b) n
`kCov

(∑`
i=1 1{Xi>F−1(1−kx/n)},

∑`
i=1 1{Xi>F−1(1−ky/n)}

)
→ r(x, y) , for any 0 ≤ x, y ≤ 1+ε,

(c) for some constant C,

n

`k
E

(∑̀
i=1

1{F−1(1−ky/n)<Xi≤F−1(1−kx/n)}

)4
 ≤ C(y − x) ,

for any 0 ≤ x < y ≤ 1 + ε and n ∈ N.

The regulatory conditions (a)-(c) can be substituted by simpler su�cient versions, see Proposition 2.1

in Drees [2002]. In Section 5 below, we provide examples of time series models that satisfy these

assumptions.

We intend to correct the bias while allowing the observations to follow the β−mixing condition

and the regulatory conditions. Since the asymptotic bias of the original Hill estimator under serial

dependence has the same form as in (5), we can construct an asymptotic unbiased estimator for

β-mixing sequences with exactly the same form as in the independence case. Nevertheless, due to

the serial dependence, the asymptotic property of the estimator has to be reestablished. This is

what we do in the next section.

4 Main Results

We start by introducing the estimator of the second-order parameter. Then we state our main

results on the asymptotic properties of the asymptotic unbiased estimators of the extreme value

index and high quantiles.
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4.1 Estimating the second-order parameter

Similar to Gomes et al. [2002], we introduce the following notations. For any positive number α,

denote

M
(α)
k :=

1

k

k∑
i=1

(logXn−i+1,n − logXn−k,n)α ,

R
(α)
k :=

M
(α)
k − Γ(α+ 1)

(
M

(1)
k

)α
M

(2)
k − 2

(
M

(1)
k

)2 ,

S
(α)
k :=

α(α+ 1)2Γ2(α)

4Γ(2α)

R
(2α)
k(

R
(α+1)
k

)2 ,
s(α)(ρ) :=

ρ2
(
1− (1− ρ)2α − 2αρ(1− ρ)2α−1

)
(1− (1− ρ)α+1 − (α+ 1)ρ(1− ρ)α)2

.

Then the estimator of the second-order parameter ρ is de�ned as

ρ̂
(α)
k :=

(
s(α)

)←
(S

(α)
k ) . (10)

4.2 Asymptotically unbiased estimator of the extreme value index

We now write explicitly the asymptotically unbiased estimator of the extreme value index. Let

kn and kρ satisfying (9) and (8) be the number of observations selected for estimating γ and ρ

respectively. For some positive real number α, we de�ne the asymptotically unbiased estimator as

γ̂kn,kρ,α := γ̂kn −
M

(2)
kn
− 2γ̂2kn

2γ̂kn ρ̂
(α)
kρ

(1− ρ̂(α)kρ
)−1

, (11)

where γ̂kn denotes the original Hill estimator as in (2). We remark that it is asymptotically equivalent

to its positive modi�cation

γ̃kn,kρ,α := γ̂kn exp

− M
(2)
kn
− 2γ̂2kn

2γ̂2kn ρ̂
(α)
kρ

(1− ρ̂(α)kρ
)−1

 ,

which might be preferred in applications since we are dealing with positive γ.

The following theorem shows the asymptotic normality of our asymptotically unbiased estimator

for β−mixing series. The consistency of the estimator could be obtained under the second-order

condition without requiring the third-order condition.

Theorem 4.1. Suppose that {X1, X2, . . .} is a stationary β-mixing time series with continuous

common marginal distribution function F . Assume that F satis�es the third-order condition (7)

with parameters ρ < 0 and ρ′ < 0 . Suppose the two intermediate sequences kρ and kn satisfy
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the conditions in (8) and (9) respectively. Suppose that the regulatory conditions hold with the

intermediate sequence kn. Then,√
kn
(
γ̂kn,kρ,α − γ

) d−→ N
(
0, σ2

)
,

where

σ2 :=
γ2

ρ2
(
(2− ρ)2c1,1 + (1− ρ)2c2,2 + 2(2− ρ)(ρ− 1)c1,2

)
,

with

ci,j :=

∫∫
[0,1]2

(− log s)i−1(− log t)j−1
{
r(s, t)

st
− r(s, 1)

s
− r(1, t)

t
+ r(1, 1)

}
ds dt ,

and r(s, t) de�ned in the regulatory condition (b).

We remark that our estimator is also valid as an asymptotically unbiased estimator of the extreme

value index when the observations are i.i.d.. In that case, the result is simpli�ed to

√
kn
(
γ̂kn,kρ,α − γ

) d−→ N

(
0,
γ2

ρ2
{
ρ2 + (1− ρ)2

})
.

4.3 Asymptotically unbiased estimator of high quantiles

We consider the estimation of high quantiles. High quantile refers to the quantile at a probability

level (1−p) , where the tail probability p = pn depends on the sample size n: as n→∞, pn = O(1/n).

The goal is to estimate the quantile x(p) = U(1/p). In extreme case such that npn < 1, it is not

possible to have non-parametric estimate of such a quantile.

We derive an asymptotically unbiased estimator of such high quantile from a variant of the high

quantile estimator in Weissman [1978] as follows:

x̂kn,kρ,α(p) := Xn−kn,n

(
kn
np

)γ̂kn,kρ,α
.

The following theorem gives its asymptotic normality.

Theorem 4.2. Suppose that {X1, X2, . . .} is a stationary β-mixing time series with continuous

common marginal distribution function F . Assume that F satis�es the third-order condition (7)

with parameters ρ < 0 and ρ′ < 0 . Suppose the two intermediate sequences kρ and kn satisfy

the conditions in (8) and (9) respectively. Assume in addition that n → ∞, npn/kn → 0 and

log(npn)/
√
kn → 0. Suppose that the regulatory conditions hold with kn. Then

√
kn

log(kn/(npn))

(
x̂kn,kρ,α(pn)

x(pn)
− 1

)
d−→ N

(
0, σ2

)
,

with σ2 as de�ned in Theorem 4.1.
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5 Examples

In our framework, we model the serial dependence by the β−mixing condition and the extra reg-

ulatory conditions. In this section, we give a few examples that satisfy those conditions. The fact

that these examples satisfy the conditions are documented in the referred literature as follows.

• Rootzén [1995], Drees [2003], Rootzén [2009]: the k-dependent process and the autoregressive

(AR) process: AR(1);

• Resnick and St ric  [1997], Drees [2002]: the AR(p) processes and the in�nite moving averages

(MA) processes;

• Hsing [1991], Rootzén [1995], Drees [2002], Rootzén [2009]: the �nite MA processes;

• Drees [2002, 2003]: the autoregressive conditional heteroskedasticity process: ARCH(1);

• St ric  [1999], Drees [2000]: the generalized autoregressive conditional heteroskedasticity

(GARCH) processes.

We review some simple cases of these processes and provide the comparison of the asymptotic

variances under dependence to that under independence, and to that of the original Hill estimator

under serial dependence.

5.1 Autoregressive model

Consider �rst the stationary solution of the following AR(1) equation

Xi = θXi−1 + Zi , (12)

for some θ ∈ (0, 1) and i.i.d. random variables Zi. The distribution function of the innovation is

denoted by FZ . Assume that FZ admits a positive Lebesgue density that satis�es the Lipschitz

condition of order 1 (Billingsley [1979], pp. 418). Suppose that as x→∞,

1− FZ(x) ∼ px−1/γ`(x) andFZ(−x) ∼ qx−1/γ`(x) (13)

for some slowly varying function ` and p = 1 − q ∈ (0, 1). Then from Section 3.2 of Drees [2002]

we get that 1 − F (x) ∼ dθ (1− FZ(x)) as x → ∞, where dθ = p(1 − θ1/γ)−1. Furthermore, the

regulatory conditions hold with

r(x, y) = x ∧ y +
∞∑
m=1

{cm(x, y) + cm(y, x)},

where cm(x, y) = p−1(x ∧ yθm/γ).
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Let us denote by σ2(θ, p) the asymptotic variance of
√
k(γ̂k,kρ,α − γ). First, we compare

the asymptotic variance under model (12) with that under independence by calculating the ra-

tio σ2(θ, p)/σ2(0, p). Second, we compare σ2(θ, p) with the asymptotic variance of the original Hill

estimator under serial dependence, σ2H , when using the same k sequence. From Drees [2000], we

get that under serial dependence
√
k(γ̂H − γ) converges to a normal distribution with asymptotic

variance σ2H = γ2r(1, 1). The two ratios are given as follows. Set κ = θ1/γ . Then,

σ2(θ, p)

σ2(0, p)
= 1 +

2κ

p(1− κ)
+

2ρ(1− ρ)

1− 2ρ(1− ρ)

κ log κ

p(1− κ)2
,

σ2(θ, p)

σ2H
=

1

ρ2

(
1− 2ρ(1− ρ) + 2ρ(1− ρ)

κ log κ

p(1− κ)2 + 2κ(1− κ)

)
.

In the �rst row of Figure 1, we plot these ratios against κ for di�erent values of the parameters

p and ρ. From Figure 1a, we note that the variation of the �rst ratio is mainly due to that of κ

and p. The parameter ρ plays a relative minor role here. We further give a numerical illustration

with γ = 1 and ρ = −1. With i.i.d. observations, the asymptotic variance of
√
k(γ̂k,kρ,α − γ) is 5.

Instead, if the observations follow the AR(1) model with θ = 0.4 and p = 0.5, then the asymptotic

variance of
√
k(γ̂k,kρ,α − γ) is close to 26. Hence, overlooking the serial dependence may severely

underestimate the range of con�dence intervals.

Di�erently, we observe from Figure 1b that the variation of the second ratio is mainly due to

that of ρ, but not to the variation of other parameters. It is important to remark that although

this ratio is greater than one, the asymptotically unbiased estimator does not necessarily have a

higher asymptotic variance. The current comparison is conducted with assuming the same k value,

while the k value used in our asymptotically unbiased estimator can be at a much higher level

than that used for the Hill estimator. Theoretically the conditions on kn and kλ guarantees that

kn/kλ → +∞. Thus the asymptotic variance of the asymptotically unbiased estimator is at a lower

level. Practically, for ρ = −1, the ratio is in between 6 and 8. Thus, once we use a kn that is seven

times higher than the kλ used for the original Hill estimator, we will get an estimator with lower

asymptotic variance. Together with the fact that the asymptotic bias is zero, we end up with a

better performance in terms of lower asymptotic mean squared error. Such a feature will show up

in the simulation studies in Section 6 below.

5.2 Moving average model

Consider now the stationary solution of the MA(1) equation

Xi = θZi−1 + Zi , (14)

where the innovation Z satis�es the same conditions as in the AR(1) model in the previous subsec-

tion. We calculate the two ratios when comparing the asymptotic variance of the asymptotically

unbiased estimator under serial dependence to that under independence, and that of the original

11



Hill estimator under dependence as follows. Set again κ = θ1/γ . Then,

σ2(θ, p)

σ2(0, p)
= 1 +

2κ

p(1 + κ)
+

2ρ(1− ρ)

1− 2ρ(1− ρ)

κ log κ

p(1 + κ)
,

σ2(θ, p)

σ2H
=

1

ρ2

(
1− 2ρ(1− ρ) + 2ρ(1− ρ)

κ log κ

p(1 + κ) + 2κ

)
.

In the second row of Figure 1, we plot the variations of these ratios with respect to κ for di�erent

values of ρ and p. The general feature is comparable to that observed from the �rst row. A notable

di�erence between Figures 1a and 1c is that although the ratios are both increasing in κ and p, their

convexities with respect to κ are di�erent in the two models: we observe a concave (resp. convex)

relation in κ under the MA(1) (resp. AR(1)) model.

5.3 Generalized autoregressive conditional heteroskedasticity model

Consider the stationary solution to the following recursive system of equations{
Xt = εtσt,

σ2t = λ0 + λ1X
2
t−1 + λ2σ

2
t−1,

where εt are i.i.d. innovations with zero mean and unit variance. The stationary solution of this

GARCH(1,1) model, Xt, follows a heavy-tailed distribution, even if the innovations εt are normally

distributed, see Kesten [1973] and Goldie [1991]. The extreme value index of the GARCH(1,1)

model can be derived from the Kesten theorm on stochastic di�erence equations, see Kesten [1973].

Nevertheless, the calculation is not explicit.

In addition, the stationary GARCH(1,1) series satis�es the β−mixing condition and the regu-

latory conditions, see St ric  [1999] and Drees [2000]. Thus, it can be considered as an example

for which we can apply the asymptotically unbiased estimators. Since it is di�cult to explicitly

calculate the r function and consequently the asymptotic variance, we opt to use simulations to

show the performance of the asymptotically unbiased estimator under the GARCH model.

6 Simulations

The simulations are set up as follows. We consider four models on the serial dependence of the

simulated samples. Suppose Z follows the distribution FZ given by

FZ(x) =

{
(1− p)(1− F̃ (−x)) if x < 0,

1− p+ pF̃ (x) if x > 0,

where F̃ is the standard Fréchet distribution function: F̃ (x) = exp(−1/x) for x > 0, and p = 0.75.

Then FZ belongs to the domain of attraction with extreme value index 1. We construct three time

12



Figure 1: Ratios between asymptotic variances
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(a) Comparison with the i.i.d. case: AR(1)
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(b) Comparison with the Hill estimator under
AR(1)
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(c) Comparison with the i.i.d. case: MA(1)
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(d) Comparison with the Hill estimator under
MA(1)

Note: Figure 1a shows the ratio between the asymptotic variance of the asymptotically unbiased estimator under

the AR(1) model and that under the i.i.d. case. Figure 1b shows the ratio between the asymptotic variance of the

asymptotically unbiased estimator and that of the original Hill estimator, under the AR(1) model. Figure 1c and 1d

show the corresponding ratios when the serial dependence is modeled by the MA(1) model.
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series models based on i.i.d. observations Zt as follows:

(Model 1) Independence: Xt = Zt (can be regarded as MA(1) with θ = 0),

(Model 2) AR(1): Xt given by (12) with θ = 0.3,

(Model 3) MA(1): Xt given by (14) with θ = 0.3.

In all three models, the theoretical value of γ is 1. In addition, we construct a GARCH(1,1) model

as in Subsection 5.3. We remark that although the heavy-tailed feature of the GARCH(1,1) model

does not depend on that of the innovations, there are empirical evidence supporting using heavy-

tailed innovations for �nancial time series, see, e.g. McNeil and Frey [2000] and Sun and Zhou

[2013]. To be consistent with the empirical literature, we use the Student-t distribution with degree

of freedom 6 as noise distribution.2 Other parameters in the simulated GARCH(1,1) model are also

chosen as close to what has been estimated from �nancial time series, see Sun and Zhou [2013].

(Model 4) GARCH(1,1): Xt given as in Subsection 5.3 with λ0 = 0.5, λ1 = 0.07, λ2 = 0.91

and with initial value X0 = 0 and σ20 = 25.

Following Kesten [1973] we calcluate the extreme value index of the series in Model 4 at 0.214.

Next, for each model, we simulate N = 500 samples with sample size n = 1000 each. We

estimate γ̂k for each value of k = 10, 11, . . . , 600 using the following methods:

(Method 1) the Hill estimator (2);

(Method 2) the asymptotically unbiased estimator (11) with kρ = sup{k ≤ n0.98, ρ̂k exists3}.

Then we calculate the average absolute bias (ABias) and the mean square error (MSE) by

ABiask =
1

N

N∑
j=1

|γ̂jk − γ| ,

and

MSEk =
1

N

N∑
j=1

(γ̂jk − γ)2 .

The ABias and MSE for the two estimation methods are given in Figure 2� 5 with each �gure

corresponding to one model. We observe that even with a rather high level of k, our asymptotically

unbiased estimator does not su�er from a large bias, at least for the �rst three models. In Model

4, the bias term increases with respect to k, but still stays at a much lower level compared to that

of the original Hill estimator. As a consequence, the MSE of our asymptotically unbiased estimator

2In order to get a unit variance, we simply divide the standard Student-t distribution by
√

3/2.
3The choice of n0.98 follows from the suggestion in Cai et al. [2013]. In addition, we estimate the ρ parameter by

(10) with α = 2. Thus, the estimate exists if and only if the value S
(2)
k lies in the interval [2/3, 3/4].
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decreases with respect to k in the �rst three models, and remains at a lower level than that of the

original Hill estimator. Thus, our asymptotically unbiased estimator provides not only a relatively

more accurate estimate, but also allows for a �exible choice of k, even if serial dependence is present.

This helps to clear the two major hurdles for applying extreme value statistics to �nancial time series

as we intend to.

Figure 2: Absolute bias and MSE for Model 1.
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(a) ABias under Model 1.
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(b) MSE under Model 1.

7 Application

We apply the asymptotically unbiased estimators on the extreme value index and high quantiles to

evaluate the downside tail risk in the Dow Jones Industrial Average index. We collect the daily index

from 1980 to 2010 and compute the daily loss returns. The indices and loss returns are presented in

Figure 6a and 6b. From the �gures, we observe that although the loss return series can be regarded

as stationary, there is evidence of serial dependence such as volatility clustering. Therefore, one

should not treat the series as i.i.d. observations. The serial dependence has to be accounted for

when performing extreme value analysis.

Our goal is to estimate the Value-at-Risk of the return series at 99.9% level, which corresponds to

a high quantile with tail probability 0.1%. From 8088 daily observations, a non-parametric estimate

can be obtained by taking the eighth highest order statistic. We thus get 7.16% as the empirical

estimate. Next, we apply both the original Hill estimator and the asymptotically unbiased estimator
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Figure 3: Absolute bias and MSE for Model 2.
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(a) ABias under Model 2.
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(b) MSE under Model 2.

Figure 4: Absolute bias and MSE for Model 3.
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(a) ABias under Model 3.

0 100 200 300 400 500 600

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

Model 3

k

M
S

E

Original Hill estimator
Asymptotically unbiased version of Hill estimator

(b) MSE under Model 3.

16



Figure 5: Absolute bias and MSE for Model 4.
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(a) ABias under Model 4.
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Figure 6: Historical representation of the real data set.

1980 1985 1990 1995 2000 2005 2010

20
00

40
00

60
00

80
00

10
00

0
12

00
0

14
00

0

Year

D
ow

 J
on

es
 In

du
st

ria
l A

ve
ra

ge

(a) Dow Jones Industrial Average (DJIA).

1980 1985 1990 1995 2000 2005 2010

−
0.

1
0.

0
0.

1
0.

2

Year

D
JI

A
 lo

g−
lo

ss
es

(b) Loss returns of DJIA.

Note: The �gures show the daily prices and loss returns of the DJIA index from 1980 to 2010.
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to estimate the extreme value index of the loss return series. Then, we use these estimates as input

in the estimation of the VaR. We plot the estimates of the extreme value index against di�erent

choices of k in Figure 7a, and those of the Value-at-Risk in Figure 7b.

Figure 7: Application to the DJIA index.
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Note: The �gures present the estimates of the extreme value index and the VaR at 99.9% level
for the loss returns of the DJIA index with varying choice of k. The returns are calculated from
daily prices in the period from 1980 and 2010. The estimation uses the asymptotically unbiased
estimators of the extreme value index and high quantile provided in Section 4.1 and 4.2, respectively.

From the two �gures, we observe that the estimates using the bias correction technique stays

stable for a larger range of k values. In contrast, the estimates based on the original Hill estimator

su�ers from a large bias starting from k ≥ 400. Thus, when applying the original EVT estimators,

it is possible to choose k only around 250, which corresponds to 3% of the total sample. With our

asymptotically unbiased estimators, we can take k = 1000 and obtain an estimated extreme value

index at 0.361 with an estimated VaR at 5.49%. Note that our result is lower than the empirical

estimate.

A � Appendix � Proofs

The asymptotically unbiased estimator of the extreme value index is constructed based on the

moments

M
(α)
k :=

1

k

k∑
i=1

(logXn−i+1,n − logXn−k,n)α ,
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de�ned in Subsection 4.1. One can write these statistics as functionals of the tail quantile process{
Qn(t) := Xn−[kt],n

}
t∈[0,1] as follows

M
(α)
k =

∫ 1

0

(
log

Qn(t)

Qn(1)

)α
dt .

Therefore, to derive the asymptotic property of the asymptotically unbiased estimator, we �rst

establish those of the tail quantile process and the moments. We �rst show that the tail quantile

process can be approximated by a Gaussian process as in the following proposition.

Proposition A.1. Suppose that {X1, X2, . . .} is a stationary β-mixing time series with continuous

common marginal distribution function F . Assume that F satis�es the third-order condition (7)

with parameters ρ < 0 and ρ′ < 0. Suppose an intermediate sequence k satis�es that as n → ∞,

k →∞, k/n→ 0 and
√
kA(n/k)B(n/k) = O(1). In addition, assume that the regulatory conditions

holds. Then, for a given ε > 0, under a Skorohod construction, there exists two functions Ã ∼ A

and B̃ = O(B), where A and B are the second and third order scale functions in (7), and a centered

Gaussian process {e(t)}t∈[0,1] with covariance function r de�ned as in the regulatory condition (b),

such that, as n→∞,

sup
t∈(0,1]

t1/2+ε
∣∣∣∣√k(log

(
Qn(t)

U(n/k)

)
+ γ log(t)

)
− γt−1e(t)

−
√
kÃ(n/k)

t−ρ − 1

ρ
−
√
kÃ(n/k)B̃(n/k)

t−ρ−ρ
′

ρ+ ρ′

∣∣∣∣∣→ 0 a.s.

Proof of Proposition A.1. By writing Xi = U(Yi) where each Yi follows a standard Pareto distribu-

tion, we obtain that {Y1, Y2, · · · } is a stationary β−mixing series satisfying the regulatory conditions.

This is a direct consequence of Yi = 1/(1− F (Xi)). We write Qn(t) = Xn−[kt],n = U(Yn−[kt],n) and

focus �rst on the asymptotic property of the process
{
Yn−[kt],n

}
t∈[0,1]. By verifying the conditions

in Drees [2003, Theorem 2.1], we get that under a Skorohod construction, there exists a centered

Gaussian process {e(t)}t∈[0,1] with covariance function r de�ned in the regulatory condition (b),

such that for ε > 0, as n→∞,

sup
t∈(0,1]

t1/2+ε
∣∣∣∣√k(tYn−[kt],nn/k

− 1

)
− t−1e(t)

∣∣∣∣→ 0 a.s.. (15)

Next, we present an inequality on the U function based on the third-order condition (7). Under

the third-order condition, there exists two functions Ã ∼ A and B̃ = O(B), such that for any δ > 0,

there exists some positive number t0 = t0(ε) such that for all t ≥ t0 and tx ≥ t0,∣∣∣∣∣∣
logU(tx)−logU(t)−γ log x

Ã(t)
− xρ−1

ρ

B̃(t)
− xρ+ρ

′

ρ+ ρ′

∣∣∣∣∣∣ ≤ δxρ+ρ′ max(xδ, x−δ) . (16)

This inequality is a direct consequence of applying de Haan and Ferreira [2006, Theorem B.3.10] to

the function f(t) = logU(t)− γ log t.
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We combine the asymptotic property of
{
Yn−[kt],n

}
t∈[0,1] in (15) with the inequality (16) as

follows. Taking t = n/k and tx = Yn−[kt],n in (16), we get that given any 0 < δ < −ρ − ρ′, for
su�ciently large n > n0(δ), with probability 1,∣∣∣∣∣logQn(t)− logU(n/k)− γ log

(
k

n
Yn−[kt],n

)
− Ã(n/k)

(
k
nYn−[kt],n

)ρ − 1

ρ

−Ã(n/k)B̃(n/k)

(
k
nYn−[kt],n

)ρ+ρ′
ρ+ ρ′

∣∣∣∣∣∣ ≤ δÃ(n/k)B̃(n/k)

(
k

n
Yn−[kt],n

)ρ+ρ′+δ
. (17)

By applying (15), we bound the four terms in (17) that contain kn
n Yn−[knt],n as

t1/2+ε
∣∣∣∣√k(log

(
k

n
Yn−[kt],n

)
+ log t

)
− t−1e(t)

∣∣∣∣→ 0 a.s.,

t1/2+ε

∣∣∣∣∣√k
((

k
nYn−[kt],n

)ρ − 1

ρ
− t−ρ − 1

ρ

)
− t−ρ−1e(t)

∣∣∣∣∣ = oP(t−ρ)→ 0 a.s.,

t1/2+ε

∣∣∣∣∣√k
((

k

n
Yn−[kt],n

)ρ+ρ′
− t−ρ−ρ′

)
− (ρ+ ρ′)

(
t−ρ−ρ

′−1e(t)
)∣∣∣∣∣ = oP

(
t−ρ−ρ

′
)
→ 0 a.s.,

t1/2+ε
(
k

n
Yn−[kt],n

)ρ+ρ′+δ
= OP(t1/2−ρ−ρ

′+ε−δ) = OP(1) .

When taking n → ∞, with the facts that supt∈(0,1] t
1/2+εt−1 |e(t)| = OP(1),

√
kÃ(n/k)B̃(n/k) =

O(1) and Ã(n/k), B̃(n/k)→ 0, the proposition is proved due to the free choice of δ.

By applying Proposition A.1, we get the asymptotic property of the moments M
(α)
k as follows.

Corollary A.2. Assume that the conditions in Proposition A.1 hold. Then, as n→∞

√
k
(
M

(α)
k − γαΓ(α+ 1)

)
− αγαP (α)

1 −
√
kÃ(n/k)γα−1

Γ(α+ 1)

ρ

(
1

(1− ρ)α
− 1

)
−
√
kÃ(n/k)B̃(n/k)γα−1

Γ(α+ 1)

ρ+ ρ′

(
1

(1− ρ− ρ′)α
− 1

)
−
√
kÃ(n/k)2γα−2

Γ(α+ 1)

2ρ2

(
1

(1− 2ρ)α
− 2

(1− ρ)α
+ 1

)
→ 0 a.s.,

where P
(α)
1 are normally distributed random variables with mean zero. In addition

Cov(P
(α)
1 , P

(α̃)
1 ) =

∫∫
[0,1]2

(− log s)α−1(− log t)α̃−1
{
r(s, t)

st
− r(s, 1)

s
− r(1, t)

t
+ r(1, 1)

}
ds dt ,

with the covariance function r de�ned as in regulatory condition (b).
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Proof of Corollary A.2. Recall that

M
(α)
k =

∫ 1

0

(
log

Qn(t)

U(n/k)
− log

Qn(1)

U(n/k)

)α
dt .

From Proposition A.1, we get that as n→∞,

sup
t∈(0,1]

t1/2+ε
∣∣∣∣√k(log

(
Qn(t)

Qn(1)

)
+ γ(− log t)

)
− γ(t−1e(t)− e(1))−

√
kÃ(n/k)

t−ρ − 1

ρ

−
√
kÃ(n/k)B̃(n/k)

t−ρ−ρ
′ − 1

ρ+ ρ′

∣∣∣∣∣→ 0 a.s. .

The second order expansion (1 + x)α = 1 + αx+ α(α−1)
2 x2 + o(x2) yields that, as n→∞,

sup
t∈(0,1]

t1/2+ε
∣∣∣∣√k((log

(
Qn(t)

Qn(1)

))α
+ γα(− log t)α

)
− αγα(− log t)α−1(t−1e(t)− e(1))

−
√
kÃ(n/k)αγα−1(− log t)α−1

t−ρ − 1

ρ
−
√
kÃ(n/k)B̃(n/k)αγα−1(− log t)α−1

t−ρ−ρ
′ − 1

ρ+ ρ′

−
√
kÃ2(n/k)

α(α− 1)

2
γα−2(− log t)α−2

(
t−ρ − 1

ρ

)2
∣∣∣∣∣→ 0 a.s..

Some terms are omitted here because supt∈(0,1] t
1/2+εt−1 |e(t)| = OP(1) and Ã(n/k)→ 0 as n→∞.

By taking ε < 1/2, we can then take the integral of
(

log
(
Qn(t)
Qn(1)

))α
on (0, 1] and use the fact

that
∫ 1
0 (− log t)a−1t−bdt =

Γ(a)

(1− b)a
for b < 1 to obtain the result in the corollary. The random term

is P
(α)
1 =

∫ 1
0 (− log t)α−1(t−1e(t)− e(1)) dt . The covariance can be calculated from there.

Next, we handle the asymptotic property of the estimator of the second-order parameter ρ. The

estimator of ρ is based on a di�erent k sequence, kρ, satisfying (8). Because kρ satis�es the condition

in Proposition A.1, we get the asymptotic properties of the momentsM
(α)
kρ

as in Corollary A.2. Then,

following the same lines as in the proof of Gomes et al. [2002, Theorem 2.2], we get the following

proposition.

Proposition A.3. Suppose that {X1, X2, . . .} is a stationary β-mixing time series with continuous

common marginal distribution function F . Assume that F satis�es the third-order condition (7) with

parameters ρ < 0, ρ′ < 0. Suppose an intermediate sequence kρ satis�es (8). In addition, assume

that the regulatory conditions holds. Then, for the ρ estimator de�ned in (10) and as n→∞

√
kρÃ(n/kρ)

(
ρ̂
(α)
kρ
− ρ
)

is asymptotically normally distributed.

We remark that analogous to the result in Theorem 2.1 in Gomes et al. [2002], the consistency

of the ρ estimator for β-mixing time series can be proved under only the second-order condition (3)

and weaker conditions on kρ.
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Finally, we can use the tools built in Corollary A.2 and PropositionA.3 to prove our main results.

Proof of Theorem 4.1. From Corollary A.2, with kn satisfying (9), the Hill estimator has the

following expansion

√
kn (γ̂kn − γ)− γP (1)

1 −
√
knÃ(n/kn)

1

1− ρ
→ 0 a.s.

which leads to √
kn
(
γ̂2kn − γ

2
)
− 2γ2P

(1)
1 −

√
knÃ(n/kn)

2γ

1− ρ
→ 0 a.s. .

Together with the asymptotic property of M
(2)
kn

obtained again from Corollary A.2, it implies that

√
kn

(
M

(2)
kn
− 2γ̂2kn

)
− 2γ2(P

(2)
1 − 2P

(1)
1 )−

√
knÃ(n/kn)

2γρ

(1− ρ)2
→ 0 a.s. .

Thus, the asymptotic unbiased estimator has the following expansion, almost surely as n→∞,√
kn
(
γ̂kn,kρ,α − γ

)
=
√
kn (γ̂kn − γ)− 1

2γ̂kn ρ̂
(α)
kρ

(1− ρ̂(α)kρ
)−1

√
kn

(
M

(2)
kn
− 2γ̂2kn

)
=γP

(1)
1 +

√
knÃ(n/kn)

1

1− ρ
− 1

2γ̂kn ρ̂
(α)
kρ

(1− ρ̂(α)kρ
)−1

(
2γ2(P

(2)
1 − 2P

(1)
1 ) +

√
knÃ(n/kn)

2γρ

(1− ρ)2

)

=γP
(1)
1 −

γ(1− ρ̂(α)kρ
)

ρ̂
(α)
kρ

(
P

(2)
1 − 2P

(1)
1

)
+
√
knÃ(n/kn)

ρ

(1− ρ)2

1− ρ
ρ
−

1− ρ̂(α)kρ

ρ̂
(α)
kρ

 . (18)

In the last step we use the fact that γ̂kn → γ a.s., as n → ∞. Further, the relation kn/kρ → 0

implies that
√
knÃ(n/kn)√
kρÃ(n/kρ)

→ 0, as n → ∞. Thus, according to Proposition A.3 and Cramér's Delta

method, we get that as n→∞,

√
knÃ(n/kn)

ρ

(1− ρ)2

1− ρ
ρ
−

1− ρ̂(α)kρ

ρ̂
(α)
kρ

 P→ 0.

Together with the consistency of ρ̂
(α)
kρ

, the expansion (18) implies that as n→∞,

√
kn
(
γ̂kn,kρ,α − γ

) P→ γ

ρ

(
P

(1)
1 (2− ρ) + P

(2)
1 (ρ− 1)

)
.

The theorem is proved by using the covariance structure of
(
P

(1)
1 , P

(2)
1

)
given in Corollary A.2.

Proof of Theorem 4.2. The proof follows the same lines in the proof of Theorem 4.3.8 in de Haan

and Ferreira [2006]. Only the asymptotic limit of the estimator of the extreme value index contributes

to that of the quantile estimator. The theorem thus follows.
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