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Abstract

We handle two major issues in applying extreme value analysis to financial time series,
bias and serial dependence, jointly. This is achieved by studying bias correction method when
observations exhibit weakly serial dependence, namely the f—mixing series. For estimating the
extreme value index, we propose an asymptotically unbiased estimator and prove its asymptotic
normality under the S—mixing condition. The bias correction procedure and the dependence
structure have an interactive impact on the asymptotic variance of the estimator. Then, we
construct an asymptotically unbiased estimator of high quantiles. Simulations show that finite
sample performance of the estimators reflects their theoretical properties. We apply the new
method to estimate the Value-at-Risk of the daily return on the Dow Jones Industrial Average
Index.
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1 Introduction

In financial risk management, a key concern is on modeling and evaluating potential losses occurring
with extremely low probabilities, i.e. tail risks. For example, the Basel committee on banking su-
pervision suggests regulators to require banks holding adequate capital against the tail risk of bank
assets measured by the Value-at-Risk (VaR). The VaR refers to high quantile of the loss distribu-
tion with an extremely low tail probability.! Estimating such risk measures thus relies on modeling
the tail region of distribution functions of asset values. To serve such a purpose, statistical tools

stemming from Extreme Value Theory (EVT) are obvious candidates. By investigating data in an

!In the revised Basel II accord and the subsequent Basel III accord, the VaR. measures for risks on both trading
and banking books must be calculated at a 99.9% level.



intermediate region close to the tail, extreme value statistics employs models to extrapolate inter-
mediate properties to the tail region. Although such an attractive feature of extreme value statistics
makes it a popular tool for evaluating tail events in many scientific fields such as meteorology and
engineering, it has not yet emerged into as a dominating tool in financial risk management. This
is potentially due to some crucial critiques on applying EVT to financial data; see, e.g. Diebold
et al. [2000]. The critiques are mainly on two issues: the difficulty in selecting the intermediate
region in estimation and the validity of the maintained assumptions in EVT for financial data. This
paper tries to deal with the two critiques simultaneously and provide adapted EVT methods that

overcome the two issues jointly.

We start with explaining the problem on selecting the intermediate region in estimation. Extreme
value statistics usually use only observations in an intermediate region. This has been achieved by
selecting the highest (or lowest when dealing with lower tail) & = k(n) observations in a sample
with size n. The problem on selecting k is sometimes referred to as “selecting the cutoff point”.
Theoretically, the statistical properties of EVT-based estimators are established for k& such that
k — oo and k/n — 0, as n — oo. For a finite sample application, such a condition can not
be verified. Thus, in practice, it is necessary to solve the problem on the choice of the number
of high observations used in estimation, or selecting the “cutoff point”. For financial practitioner,
two difficulties arise: firstly, there is no automatical procedure on the choice of k; secondly, the
performance of the EVT estimators is rather sensitive to this choice. More specifically, there is a
bias-variance tradeoff: with low level of k, the estimation variance is at a high level which may not
be acceptable for application; by increasing k, i.e. using progressively more data, the variance is
reduced, but at the cost of an increasing bias, because the EVT models are assumed to hold only

in the tail region.

Recent developments in extreme value statistics provide two solutions. One solution considers
establishing an automatic procedure to select the optimal cutoff point that balances the bias and
variance by a bootstrapping method, see, e.g. Danielsson et al. [2001]. The other solution considers
correcting the bias that exists in EVT estimators and consequently allowing a higher and less
sensitive level of k, see, e.g. Gomes et al. [2008]. Compared to the bootstrapping method, the bias
correction method allows eventually a larger value of k and consequently a lower level of estimation
variance without suffering from the bias issue. Moreover, it leads to a more flexible choice of k. For
application, the bias correction method is thus preferred for handling the problem on selecting the

cutoff point.

The other criticism on applying extreme value statistics to financial data is on the fact that most
existing EVT methods require independent and identically distributed (i.i.d.) observations whereas
financial time series exhibits obvious serial dependence feature such as volatility clustering. This
issue has been addressed in works dealing with weakly serial dependence, see, e.g. Hsing [1991] and
Drees [2000]. The main message from these studies is that usual EVT methods are still valid under
weakly serial dependence, although the asymptotic variance of estimators may differ from that in

the i.i.d. case.



With the aforementioned developments in extreme value statistics, it seems that one can handel
the two major critiques on EV'T methods, and the EVT tools should be ready for applications to
financial data. However, the literature addressing these two issues are mutually exclusive: in the
bias correction literature, it is always assumed that the observations form an i.i.d. sample; in the
literature on dealing with serial dependence, the choice of k is assumed to be sufficiently low such
that there is no asymptotic bias. Therefore, it is still an open question whether we can apply the
bias correction technique to datasets that exhibit weakly serial dependence. The answer to such a
question can ultimately clear the two hurdles that prevent the application of EVT-type tools. This

is what we tend to address in this paper.

We consider bias correction procedure on estimating the extreme value index and high quantiles
for B—mixing stationary time series with common heavy-tailed distribution. The bias term stems
from the approximation of the tail region of distribution functions. In EVT, a second order condition
is often imposed to characterize such an approximation. Such a condition is almost indispensable
for establishing asymptotic properties of estimators. To correct the bias, one needs to estimate
the second order scale function, the function A in (3) below. The existing literature is restricted
to the case A(t) = Ct” with constants C' # 0 and p < 0. The estimation of C' requires extra
conditions. Instead we estimate the function A in a non-parametric way which makes the analysis
and application smoother. We prove that the asymptotically unbiased estimators possess usual
statistical properties such as asymptotic normality. The bias correction procedure and the serial
dependence structure have an interactive impact on the asymptotic variances of the estimators.
We conduct simulations to show the performance of the asymptotically unbiased estimators under
weakly serial dependence. The method is applied to estimate VaR of the daily returns on a stock

market index.

The asymptotically unbiased estimators we obtain have the following advantages. Firstly, it
allows serial dependence in the observations. Secondly, one may apply the unbiased estimator with
a higher value of k, which reduces the asymptotic variance and ultimately the estimation error
thanks to the bias correction feature. Thirdly, the theoretical range of potential choices of k in our
unbiased estimators is larger than the original estimators. This makes the choice of k less crucial.

All these features become apparent in simulations and application.

The paper is organized as follows. Under a simplified model without serial dependence, Section
2 presents the bias correction idea for the Hill estimator. Section 3 presents the general model with
serial dependence, particularly, the regulatory conditions we are dealing with. Section 4 defines the
asymptotically unbiased estimators of the extreme value index and quantiles. In addition, we state
the main theorems on the asymptotic normality of these two estimators. The asymptotic variances
of the unbiased estimators are computed in Section 5 for particular models. Section 6 demonstrates
finite sample performance of the asymptotically unbiased estimators based on simulations. An
application to estimate the VaR of daily returns on the Dow Jones Industrial Average Index is given

in Section 7. All proofs are postponed to Appendix A.



2 The idea of bias correction under independence

For the sake of simplicity, we first introduce our bias correction idea under the assumption of
independent and identically distributed (i.i.d.) observations in this section. We will show later that

our bias correction procedure also works for f—mixing series.

2.1 The origin of bias

Let {X1, X2,...} be an i.i.d. sequence of random variables with a common distribution function F'.
We assume that the distribution function F' belongs to the domain of attraction. We present the
domain of attraction condition with respect to the quantile function U := (1/1 — F)*, where <
denotes the left-continuous inverse function. That is, there exists a positive function a(t) and a real
number 7 such that

U(te) =U(t) 27 -1

lim = , for z>1.
t—o00 a(t) ol

The parameter v is called the extreme value index, which largely determines the tail behavior of F'.
We focus on the case v > 0 in which case the domain of attraction condition is equivalent to
Ul(tx)

; — 27
tliglo 0 x7, x>0. (1)

The distribution function F with a positive v is also referred as a heavy-tailed distribution. For a
heavy-tailed distribution, the relation (1) governs how a high quantile, say U(tx), can be extrapo-
lated from an intermediate quantile U(t) . Clearly, estimating the extreme value index «y is a major

step in estimating high quantiles.

In the heavy-tailed case, Hill [1975] proposes the following estimator of the parameter -,

k
. 1
A 1= z Z log Xp—it1n — log Xo—km (2)
=1
where X, < Xa, < ... < X, , are the order statistics and £ is an intermediate sequence such that

k — oo and k/n — 0 as n — oo.

To obtain the asymptotic normality of the Hill estimator (and most other estimators in extreme
value statistics), it is necessary to quantify the speed of convergence in (1). We thus assume a
second-order condition on the function U as follows. Suppose that there exist a positive or negative
function A with limy_, o, A(t) = 0 and a real number p < 0 such that

Ut
O

: _
tlggo A(t) v p




for all z > 0. It is equivalent to

_ _ p_
lim logU(tx) —logU(t) — vylogx 2P -1 ; (3)
t—00 A(t) P

see, for instance de Haan and Ferreira [2006, Proof of Theorem 3.2.5]. Compared to the second

order condition, condition (1) is sometimes called the first order condition.

The estimator 4y is consistent under the first order condition. Under the second order condition

(3), the asymptotic normality can be established for i.i.d. observations as

1

Vi Gy =) SN (12,77) ()

if the intermediate sequence k) satisfies lim,, o vVkxA(n/kx) = A. This condition imposes an upper

bound on the speed at which ky goes to infinity. The asymptotic bias for the Hill estimator is

consequently given by the term l—ip .

To obtain an asymptotically unbiased estimator, we will first estimate the bias term and then

—

subtract that from 4;. The asymptotically unbiased estimator is then given as 43 — Bias , where

Biasy, := Al(riﬂ;) ) (5)

A formal definition of the asymptotically unbiased estimator is given in equation (11) below.

One important consequence of the bias correction method is on the choice of the intermediate
sequence k. In our asymptotically unbiased estimator, the limit of v/kA(n/k) does not need to be
finite as that of k), see below the condition (6). Thus it allows for larger value of k. In other words,
we can reduce the level of estimation variance without suffering from the bias issue. Moreover, our
asymptotically unbiased estimator allows a larger range of k. The “cutoff point” is thus solved thanks
to the less sensitivity with respect to k. We shall demonstrate this showing that the estimates stay

at a stable level for a much wider range of the k values in simulations.

2.2 Estimating the bias term

The estimation of the bias term requires estimating the second-order parameter p and the second-
order scale function, A(n/k), appearing in the condition (3). The parameter p controls the speed of
convergence of most v estimators. In the following we restrict the study to the case p < 0. In the
literature of bias correction, in order to establish the asymptotic property of estimators of p, it is

necessary to chose a higher intermediate sequence k, = k,(n) such that k, — oo, k,/n — 0 and

Vk, A(n/k,) = oo, (6)

as n — 00, see e.g. Gomes et al. [2002]. This provides a lower bound to the speed at which k,

goes to infinity. Furthermore, the asymptotic normality of all estimators of p is achieved under the



assumption of i.i.d. observation and a third-order condition. The latter is given as follows. Suppose
that there exist a positive or negative function B with lim; ., B(t) = 0 and a real number p’ < 0
such that

lim ;
p+p P

1 logU(tz) —logU(t) —ylogz 2f—11 1 zrtr =1 zP—1 (7)
t—o0 B(t) o ’

A(t) p 0

for all x > 0. If the observations are i.i.d., the asymptotic normality of all existing estimators of p,
including that of the one we use in (10) below, holds under the condition (7) and with a sequence

k, such that as n — oo, k, — o0, k,/n — 0 and

VEn A ky) = 00,\/EpA2(n/ky) = M, /Ry A(n/ko)B(n/ky) = A, (®)

where A1 and Mg are both finite constants; see for instance Gomes et al. [2002] and Ciuperca and
Mercadier [2010]. Here, since we are going to deal with f—mixing series, we need to re-establish the

asymptotic property of the p estimator. The details are left to Appendix A.

In order to avoid extra bias stemming from the third order condition, the k sequence we use for
the asymptotically unbiased estimator of the extreme value index is of a lower order, compared to
the k, sequence. More specifically, we use a sequence k,, such that as n — oo, k,, — o0, ky,/k, — 0

and

VEnA(n/kn) = 00, \VEnA*(n/kn) = 0,/ Fn A(n/kn) B(n/kn) — 0 . 9)

Comparing our asymptotically unbiased estimator with the original Hill estimator, the k se-
quences used for estimation are at different level. The conditions on k, and kj imply that &, /ky —
400 as n — oo. Since the asymptotic variance of both the asymptotically unbiased estimator and
the original Hill estimator is of an order 1/k, using a sequence k,, increasing faster than k) leads to
a lower asymptotic variance of our asymptotic unbiased estimator compared to that of the original

Hill estimator.

In addition, the k sequence used for the asymptotically unbiased estimator is more flexible in the
2
following sense. The condition that v/kxA(n/ky) — A restricts the level of ky as ky = O (n%il),

2p  _2(p+max(p,p’))
p—17 2(p+max(p,p'))+1 )

whereas condition (9) implies that k, = O (n") for any 7 € (2

3 The serial dependence conditions

In this section, we present the serial dependence conditions on the time series we are going to
deal with. The serial dependence structure follows from the so-called f—mixing conditions. The
f—mixing conditions have been introduced by Rootzén [1995], Drees [2000, 2003] and Rootzén [2009]
as follows. Let {X1, Xo,...} be a stationary time series with common distribution function F. Let

Bg denote the o-algebra generated by Xj, ..., X;. The sequence is said to be S-mixing or absolutely



regular if

B(m) :=supE ( sup ‘]P’(E]Bf) - IP’(E)‘) —0

1 \EeBE,. .,

as m — oo. The constants 3(m) are called the S-mixing constants of the sequence.
The asymptotic normality of the original Hill estimator has been established for S-mixing se-

quences in Drees [2000, 2003| with some mild extra conditions. With a sequence k) such that
VExA(n/ky) — X as n — oo, it is proved that

. d A
Vk)\(’ykx_’Y)_)N<1_p702> )

2 is equal to 72 under independence but is more complicated otherwise. The extra conditions

where o
for establishing the asymptotic normality of the Hill estimator are the following list of regulatory

conditions. Suppose there exist a constant € > 0 and a sequence ¢ = ¢, such that as n — oo,

(a) @n + 0k~ % log? k — 0,

(b) 7 Cov (Zf:1 (x5 F1(1—ka/m)}s Dbt 1{X¢>F*1(1—ky/n)}) — r(x,y), forany 0 < z,y < 1+-¢,

(c) for some constant C,

n

) 4
e <Z 1{F1(1—ky/n)<Xi§F1(1—km/n)}> <C(y—=z),
=1

forany 0 <z <y<l4+ecandneN.

The regulatory conditions (a)-(c¢) can be substituted by simpler sufficient versions, see Proposition 2.1
in Drees [2002]. In Section 5 below, we provide examples of time series models that satisfy these

assumptions.

We intend to correct the bias while allowing the observations to follow the f—mixing condition
and the regulatory conditions. Since the asymptotic bias of the original Hill estimator under serial
dependence has the same form as in (5), we can construct an asymptotic unbiased estimator for
[f-mixing sequences with exactly the same form as in the independence case. Nevertheless, due to
the serial dependence, the asymptotic property of the estimator has to be reestablished. This is

what we do in the next section.

4 Main Results

We start by introducing the estimator of the second-order parameter. Then we state our main
results on the asymptotic properties of the asymptotic unbiased estimators of the extreme value

index and high quantiles.



4.1 Estimating the second-order parameter

Similar to Gomes et al. [2002], we introduce the following notations. For any positive number «,

denote
1 k

Mk(;a) = E Z_Zl (log Xn7i+1,n - 1Og Xn—k:,n)a ;

R . M —T(a+1) (Mfgl))

m® —2 (m))
(@ _ ala+ 1))  RP
koo AT (201) (Rliaﬂ)f ’

21_ 1_ 2&_2 1_ 2a—1
(@) i P (1—(1-p) ap(l— p)*1)

(1= (1= p)tt = (a+ p(1 = p))*

Then the estimator of the second-order parameter p is defined as
« o < ala
o= (59) (5 (10)

4.2 Asymptotically unbiased estimator of the extreme value index

We now write explicitly the asymptotically unbiased estimator of the extreme value index. Let
kn and k, satisfying (9) and (8) be the number of observations selected for estimating v and p

respectively. For some positive real number «, we define the asymptotically unbiased estimator as
2 .
MY -2
2k, iy (1= pi)) !

(11)

Veen,kp,a *= Vkn

where 4y, denotes the original Hill estimator as in (2). We remark that it is asymptotically equivalent

to its positive modification

2 ~
MY — 23,

242 (1= pi)) !

Venkpra = Yk €XD

)

which might be preferred in applications since we are dealing with positive ~.

The following theorem shows the asymptotic normality of our asymptotically unbiased estimator
for f—mixing series. The consistency of the estimator could be obtained under the second-order

condition without requiring the third-order condition.

Theorem 4.1. Suppose that {X1, Xo,...} is a stationary [-mizing lime series with continuous
common marginal distribution function F. Assume that F satisfies the third-order condition (7)

with parameters p < 0 and p’ < 0 . Suppose the two intermediate sequences k, and ky satisfy



the conditions in (8) and (9) respectively. Suppose that the requlatory conditions hold with the

intermediate sequence ky. Then,

Vkn (ko — ) 4N (0,0%) ,

where )
o? = % (2=p)Pcii+ (L=p)Pezz+22=p)(p—Derg) |
wh t 1 1.¢
Gij = // (—logs)i~!(—logt)i ™! {T(S’ ) _reb) LY +7’(1,1)} ds dt |
[0,1]2 st S t

and r(s,t) defined in the regulatory condition (b).

We remark that our estimator is also valid as an asymptotically unbiased estimator of the extreme

value index when the observations are i.i.d.. In that case, the result is simplified to
d o 2 2
VEr Gty =) S8 (0.2 {74 1= 9} )

4.3 Asymptotically unbiased estimator of high quantiles

We consider the estimation of high quantiles. High quantile refers to the quantile at a probability
level (1—p) , where the tail probability p = p,, depends on the sample size n: asn — oo, p, = O(1/n).
The goal is to estimate the quantile z(p) = U(1/p). In extreme case such that np, < 1, it is not

possible to have non-parametric estimate of such a quantile.

We derive an asymptotically unbiased estimator of such high quantile from a variant of the high

quantile estimator in Weissman [1978] as follows:

k Ve kpa
~ n
Tk kpa(P) = Xnkpm (np) :

The following theorem gives its asymptotic normality.

Theorem 4.2. Suppose that {X1,Xo,...} is a stalionary [-mizing lime series with continuous
common marginal distribution function F. Assume that F satisfies the third-order condition (7)
with parameters p < 0 and p' < 0 . Suppose the two intermediate sequences k, and ky satisfy
the conditions in (8) and (9) respectively. Assume in addition that n — oo, npp/k, — 0 and
log(npn)/Vkn — 0. Suppose that the regulatory conditions hold with k,. Then

Vkn Thy ko (Pn) 1\ d 52
log<kn/<npn>>< 2(pn) 1>%N(O’ )

with o2 as defined in Theorem 4.1.




5 Examples

In our framework, we model the serial dependence by the S—mixing condition and the extra reg-
ulatory conditions. In this section, we give a few examples that satisfy those conditions. The fact

that these examples satisfy the conditions are documented in the referred literature as follows.

e Rootzén [1995], Drees [2003], Rootzén [2009]: the k-dependent process and the autoregressive
(AR) process: AR(1);

Resnick and Starica [1997], Drees [2002]: the AR(p) processes and the infinite moving averages
(MA) processes;

Hsing [1991], Rootzén [1995], Drees [2002], Rootzén [2009]: the finite MA processes;

Drees [2002, 2003]: the autoregressive conditional heteroskedasticity process: ARCH(1);

Starica [1999], Drees [2000]: the generalized autoregressive conditional heteroskedasticity
(GARCH) processes.

We review some simple cases of these processes and provide the comparison of the asymptotic
variances under dependence to that under independence, and to that of the original Hill estimator

under serial dependence.

5.1 Autoregressive model
Consider first the stationary solution of the following AR(1) equation
X, =0X,_1+ Z2; , (12)

for some 6 € (0,1) and ii.d. random variables Z;. The distribution function of the innovation is
denoted by Fz. Assume that Fz admits a positive Lebesgue density that satisfies the Lipschitz
condition of order 1 (Billingsley [1979], pp. 418). Suppose that as x — oo,

1 — Fy(z) ~ pae~Y70(x) and Fz(—z) ~ gz~ 70(x) (13)

for some slowly varying function £ and p =1 — ¢ € (0,1). Then from Section 3.2 of Drees [2002]
we get that 1 — F(z) ~ dg (1 — Fz(z)) as  — oo, where dg = p(1 — #Y/7)~1. Furthermore, the

regulatory conditions hold with

r(@,y) =z Ay+ Y {em(@,y) + ey, 2)},

m=1

where ¢, (2,y) = p~ ' (z A yd™7).

10



Let us denote by ¢?(6,p) the asymptotic variance of \/E(%,kp,a — 7). First, we compare
the asymptotic variance under model (12) with that under independence by calculating the ra-
tio 02(0,p)/0?(0,p). Second, we compare o2(f, p) with the asymptotic variance of the original Hill
estimator under serial dependence, 0121[, when using the same k sequence. From Drees [2000], we
get that under serial dependence \/E(@H — 7y) converges to a normal distribution with asymptotic

variance 0% = 42r(1,1). The two ratios are given as follows. Set x = 6'/7. Then,

a2(0,p) - 2K 20(1—p) klogk
a%(0,p) p(I—k)  1=2p(1—p)p(l—r)*"
a*(6,p) 1 klog K
0‘%{ _p2(12p(1p)+2p(1p)p(l—f-{)2+2/€(1—/€)> :

In the first row of Figure 1, we plot these ratios against « for different values of the parameters
p and p. From Figure la, we note that the variation of the first ratio is mainly due to that of k
and p. The parameter p plays a relative minor role here. We further give a numerical illustration
with v =1 and p = —1. With i.i.d. observations, the asymptotic variance of \/%('?hk:p,oz — ) is 5.
Instead, if the observations follow the AR(1) model with § = 0.4 and p = 0.5, then the asymptotic
variance of \/E(’AYk,kma — ) is close to 26. Hence, overlooking the serial dependence may severely

underestimate the range of confidence intervals.

Differently, we observe from Figure 1b that the variation of the second ratio is mainly due to
that of p, but not to the variation of other parameters. It is important to remark that although
this ratio is greater than one, the asymptotically unbiased estimator does not necessarily have a
higher asymptotic variance. The current comparison is conducted with assuming the same k value,
while the k value used in our asymptotically unbiased estimator can be at a much higher level
than that used for the Hill estimator. Theoretically the conditions on k, and k) guarantees that
kn/kyx — 400. Thus the asymptotic variance of the asymptotically unbiased estimator is at a lower
level. Practically, for p = —1, the ratio is in between 6 and 8. Thus, once we use a k, that is seven
times higher than the k) used for the original Hill estimator, we will get an estimator with lower
asymptotic variance. Together with the fact that the asymptotic bias is zero, we end up with a
better performance in terms of lower asymptotic mean squared error. Such a feature will show up

in the simulation studies in Section 6 below.

5.2 Moving average model
Consider now the stationary solution of the MA(1) equation
Xi=0Z; 1+ Z;, (14)

where the innovation Z satisfies the same conditions as in the AR(1) model in the previous subsec-
tion. We calculate the two ratios when comparing the asymptotic variance of the asymptotically

unbiased estimator under serial dependence to that under independence, and that of the original

11



Hill estimator under dependence as follows. Set again x = 6'/7. Then,

a%(0,p) 2k 20(1 —p) klogk

2 =1+ ’
a*(0,p) p(l+k)  1=2p(1—p)p(l+r)

a%(0,p) 1 klogk
——=—|1-2p(1 — 200l — p)——— | .

In the second row of Figure 1, we plot the variations of these ratios with respect to x for different
values of p and p. The general feature is comparable to that observed from the first row. A notable
difference between Figures la and 1c is that although the ratios are both increasing in s and p, their

convexities with respect to x are different in the two models: we observe a concave (resp. convex)
relation in x under the MA(1) (resp. AR(1)) model.

5.3 Generalized autoregressive conditional heteroskedasticity model

Consider the stationary solution to the following recursive system of equations

Xy Et0¢,
of = Mo+ MX2q+ ot

where ¢; are i.i.d. innovations with zero mean and unit variance. The stationary solution of this
GARCH(1,1) model, X;, follows a heavy-tailed distribution, even if the innovations &; are normally
distributed, see Kesten [1973] and Goldie [1991]. The extreme value index of the GARCH(1,1)
model can be derived from the Kesten theorm on stochastic difference equations, see Kesten [1973].

Nevertheless, the calculation is not explicit.

In addition, the stationary GARCH(1,1) series satisfies the f—mixing condition and the regu-
latory conditions, see Staricd [1999] and Drees [2000]. Thus, it can be considered as an example
for which we can apply the asymptotically unbiased estimators. Since it is difficult to explicitly
calculate the r function and consequently the asymptotic variance, we opt to use simulations to

show the performance of the asymptotically unbiased estimator under the GARCH model.

6 Simulations

The simulations are set up as follows. We consider four models on the serial dependence of the

simulated samples. Suppose Z follows the distribution Fz given by

| 1=-pQ-F(-2) ifz<o0,
FZ(x)_{ 1—p+pF(z) ifx >0,

where F is the standard Fréchet distribution function: F(x) = exp(—1/z) for = > 0, and p = 0.75.

Then Fz belongs to the domain of attraction with extreme value index 1. We construct three time

12



Figure 1: Ratios between asymptotic variances
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Note: Figure la shows the ratio between the asymptotic variance of the asymptotically unbiased estimator under
the AR(1) model and that under the i.i.d. case. Figure 1b shows the ratio between the asymptotic variance of the
asymptotically unbiased estimator and that of the original Hill estimator, under the AR (1) model. Figure 1c and 1d
show the corresponding ratios when the serial dependence is modeled by the MA(1) model.
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series models based on i.i.d. observations Z; as follows:

(Model 1) Independence: X; = Z; (can be regarded as MA(1) with 6 = 0),

(Model 2) AR(1): X; given by (12) with 6 = 0.3,

(Model 3) MA(1): X; given by (14) with # = 0.3.
In all three models, the theoretical value of 7 is 1. In addition, we construct a GARCH(1,1) model
as in Subsection 5.3. We remark that although the heavy-tailed feature of the GARCH(1,1) model
does not depend on that of the innovations, there are empirical evidence supporting using heavy-
tailed innovations for financial time series, see, e.g. McNeil and Frey [2000] and Sun and Zhou
[2013]. To be consistent with the empirical literature, we use the Student-t distribution with degree

of freedom 6 as noise distribution.? Other parameters in the simulated GARCH(1,1) model are also

chosen as close to what has been estimated from financial time series, see Sun and Zhou [2013].

(Model 4) GARCH(1,1): X; given as in Subsection 5.3 with Ao = 0.5, \; = 0.07, Ay = 0.91
and with initial value Xg = 0 and 08 = 25.

Following Kesten [1973] we calcluate the extreme value index of the series in Model 4 at 0.214.

Next, for each model, we simulate N = 500 samples with sample size n = 1000 each. We

estimate 4 for each value of k = 10,11,...,600 using the following methods:

(Method 1) the Hill estimator (2);

(Method 2) the asymptotically unbiased estimator (11) with k, = sup{k < n%9 pj exists®}.

Then we calculate the average absolute bias (ABias) and the mean square error (MSE) by
1L
ABiasy, = v Z 51—,
j=1

and

N
1 "
MSE, = > (5 —)°
j=1

The ABias and MSE for the two estimation methods are given in Figure 2— 5 with each figure
corresponding to one model. We observe that even with a rather high level of k, our asymptotically
unbiased estimator does not suffer from a large bias, at least for the first three models. In Model
4, the bias term increases with respect to k, but still stays at a much lower level compared to that

of the original Hill estimator. As a consequence, the MSE of our asymptotically unbiased estimator

In order to get a unit variance, we simply divide the standard Student-t distribution by +/3/2.
3The choice of n%® follows from the suggestion in Cai et al. [2013]. In addition, we estimate the p parameter by
(10) with o = 2. Thus, the estimate exists if and only if the value S,(f) lies in the interval [2/3,3/4].
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ABias

decreases with respect to k in the first three models, and remains at a lower level than that of the
original Hill estimator. Thus, our asymptotically unbiased estimator provides not only a relatively
more accurate estimate, but also allows for a flexible choice of k, even if serial dependence is present.
This helps to clear the two major hurdles for applying extreme value statistics to financial time series

as we intend to.

Figure 2: Absolute bias and MSE for Model 1.
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(a) ABias under Model 1. (b) MSE under Model 1.

7 Application

We apply the asymptotically unbiased estimators on the extreme value index and high quantiles to
evaluate the downside tail risk in the Dow Jones Industrial Average index. We collect the daily index
from 1980 to 2010 and compute the daily loss returns. The indices and loss returns are presented in
Figure 6a and 6b. From the figures, we observe that although the loss return series can be regarded
as stationary, there is evidence of serial dependence such as volatility clustering. Therefore, one
should not treat the series as i.i.d. observations. The serial dependence has to be accounted for

when performing extreme value analysis.

Our goal is to estimate the Value-at-Risk of the return series at 99.9% level, which corresponds to
a high quantile with tail probability 0.1%. From 8088 daily observations, a non-parametric estimate
can be obtained by taking the eighth highest order statistic. We thus get 7.16% as the empirical

estimate. Next, we apply both the original Hill estimator and the asymptotically unbiased estimator
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Figure 3: Absolute bias and MSE for Model 2.
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Figure 4: Absolute bias and MSE for Model 3.
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ABias

Figure 5: Absolute bias and MSE for Model 4.
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Figure 6: Historical representation of the real data set.
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to estimate the extreme value index of the loss return series. Then, we use these estimates as input
in the estimation of the VaR. We plot the estimates of the extreme value index against different

choices of k in Figure 7a, and those of the Value-at-Risk in Figure 7b.

Figure 7: Application to the DJIA index.
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Note: The figures present the estimates of the extreme value index and the VaR at 99.9% level
for the loss returns of the DJIA index with varying choice of k. The returns are calculated from
daily prices in the period from 1980 and 2010. The estimation uses the asymptotically unbiased
estimators of the extreme value index and high quantile provided in Section 4.1 and 4.2, respectively.

From the two figures, we observe that the estimates using the bias correction technique stays
stable for a larger range of k values. In contrast, the estimates based on the original Hill estimator
suffers from a large bias starting from k& > 400. Thus, when applying the original EVT estimators,
it is possible to choose k only around 250, which corresponds to 3% of the total sample. With our
asymptotically unbiased estimators, we can take k = 1000 and obtain an estimated extreme value
index at 0.361 with an estimated VaR at 5.49%. Note that our result is lower than the empirical

estimate.

A — Appendix — Proofs

The asymptotically unbiased estimator of the extreme value index is constructed based on the

moments

M’ga) =

k

1
= E E (10an7i+17n - loan—k’,n)a )
=1
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defined in Subsection 4.1. One can write these statistics as functionals of the tail quantile process
{Qn(t) = X“*[kt]ﬂ}te[o,l} as follows

) /0 1 <1og g:g)a it

Therefore, to derive the asymptotic property of the asymptotically unbiased estimator, we first

establish those of the tail quantile process and the moments. We first show that the tail quantile

process can be approximated by a Gaussian process as in the following proposition.

Proposition A.1. Suppose that {X1, Xs,...} is a stationary f-mizing time series with continuous
common marginal distribution function F. Assume that F satisfies the third-order condition (7)
with parameters p < 0 and p’ < 0. Suppose an intermediate sequence k satisfies that as n — oo,
k — 0o, k/n — 0 and VEA(n/k)B(n/k) = O(1). In addition, assume that the regulatory conditions
holds. Then, for a giwen ¢ > 0, under a Skorohod construction, there exists two functions A ~ A
and B = O(B), where A and B are the second and third order scale functions in (7), and a centered
Gaussian process {e(t)}iejo,1) with covariance function r defined as in the regulatory condition (b),
such that, as n — oo,

1/24-¢ Qn(t) —1
t:}g)l]t /2+e |k (log (U(n/k‘)) + fylog(t)> —yt~"e(t)
- =P —1 - . t—p—r'
—VEA(n/k) - VEA(n/k)B(n/k) i 0 a.s.

Proof of Proposition A.1. By writing X; = U(Y;) where each Y; follows a standard Pareto distribu-
tion, we obtain that {Y1, Ya,- - - } is a stationary f—mixing series satisfying the regulatory conditions.
This is a direct consequence of ¥; = 1/(1 — F(X;)). We write Qn(t) = X;_jpg,n = U(Yy—(gy,n) and

focus first on the asymptotic property of the process {Yn_[kt]m} By verifying the conditions

t€[0,1]
in Drees [2003, Theorem 2.1], we get that under a Skorohod construction, there exists a centered
Gaussian process {e(t)};e[o,1] With covariance function r defined in the regulatory condition (b),
such that for € > 0, as n — oo,

te(0,1]

Vk (tw - 1> - tle(t)‘ 0 as. (15)

Next, we present an inequality on the U function based on the third-order condition (7). Under
the third-order condition, there exists two functions A ~ A and B = O(B), such that for any & > 0,
there exists some positive number ¢y = to(¢) such that for all ¢ > ¢y and tx > o,

logU(tx)—logU(t)—ylogz  xzP—1 ,
At) P P e

B(1) — | < 0a7 T max(al,a7?) (16)
pTp

This inequality is a direct consequence of applying de Haan and Ferreira [2006, Theorem B.3.10] to
the function f(t) =logU(t) — vlogt.
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We combine the asymptotic property of {Yn—[kﬂvn}te[o 1 in (15) with the inequality (16) as
follows. Taking t = n/k and tx = Y, [y, in (16), we get that given any 0 < § < —p — o/, for

sufficiently large n > ng(9), with probability 1,

k 1y (Yoo ieegn)” = 1
log Qn(t) —logU(n/k) —~log Yok ) — A(n/k) P

ptp’

e (Y )
Aln/k) B k)= L

p+p'+6
<0Aw/mBO/M) (Sopn) D

By applying (15), we bound the four terms in (17) that contain %Yn—[knt},n as

/25 VE (108 (£, g ) + 108t ) ()] = 00,
n

by P11 p»_
t/2+e x/E<(” = [’“2’”) ! p ! — 7P e(t)

=op(t™") = 0as.,

1/2+e |\ /L E - _pr | _ N (+—p—pP'—1 — —p=p'

t k nY”_[kt]’” t (p+p)(t e(t))| =op (t — 0 a.s.,
1/2+e k proEo 1/2—p—p'+e—4

t ﬁYn—[kt},n = Op(t p=p ) = O[p(l) .

When taking n — oo, with the facts that sup,cq 1 /2ot e(t)| = Op(1), VEA(n/k)B(n/k) =
O(1) and A(n/k), B(n/k) — 0, the proposition is proved due to the free choice of 4. O

By applying Proposition A.1, we get the asymptotic property of the moments M ,ga) as follows.

Corollary A.2. Assume that the conditions in Proposition A.1 hold. Then, as n — oo

VE (Mlga) T(a+ 1)) B a,yapl(a) _ \/Efl(n/k:)fyaﬂ F(Ozp—l— 1) <(1 jp)a - 1)
_ A n 3 n a—1 1—‘(04 + 1) ! -

VRA( /BB N ()
_ ~n 2 a721—‘(a+1) 1 — 2 a.s

VEA(n/k)*y 2p2 ((1—2p)“ (1—p)“+1> B

where Pl(a) are normally distributed random variables with mean zero. In addition

COV(PI(Q),PI(&)) = //[0 1]2(—10gs)o‘_1(—10gt)5‘_1 {T(z’w _rsd) Y +r(1, 1)} dsdt ,

t S t

with the covariance function r defined as in regulatory condition (b).
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Proof of Corollary A.2. Recall that

u = [ (ts gty ~ o5 )

From Proposition A.1, we get that as n — oo,

sup $1/2+e Qn(t) _ o Ye(t) — e 3 iln t=P—1
s 1124 |V (log (G205 ) (- logn) ) (07 e(t)  e(1) = VA1)
—\/EA(n/k)B(n/k)t_;_:/;1 S 0as

a(a o=l 2 4 o(z?) yields that, as n — oo,

Vi ((mg (gg)) oo (- logwa) — ay®(—log ) (£ Le(t) — e(1))

— VEA(n/k)ay* 1 (— logt)"‘*% — VEA(n/k)B(n/k)ay® 1 (—logt)*~?

The second order expansion (1 + x)* =1+ ax +

sup t1/2+5
t€(0,1]

t=r=r —1
p+p

— 0 a.s..

o1\ 2
_\/%AQ(n/k)a(OZQ_ 1)’}/&_2(— logt)a—2 (t ; 1)

Some terms are omitted here because sup¢ (g ) 12511 e(t)| = Op(1) and A(n/k) — 0 as n — oo.

(6%
By taking € < 1/2, we can then take the integral of (log (Q"(t) )) on (0,1] and use the fact

Qn(1)
r
that fl —logt)*~1tbdt = (a) for b < 1 to obtain the result in the corollary. The random term
0 (1 _ b)a
fo —logt)*~1(t7Le(t) — e(1)) dt . The covariance can be calculated from there. O

Next, we handle the asymptotic property of the estimator of the second-order parameter p. The
estimator of p is based on a different k sequence, k,, satisfying (8). Because k, satisfies the condition
in Proposition A.1, we get the asymptotic properties of the moments M,EZ‘) as in Corollary A.2. Then,
following the same lines as in the proof of Gomes et al. 2002, Theorem 2.2|, we get the following

proposition.

Proposition A.3. Suppose that {X1, Xo,...} is a stationary S-mizing time series with continuous
common marginal distribution function F. Assume that F' satisfies the third-order condition (7) with
parameters p < 0,p' < 0. Suppose an intermediate sequence k, satisfies (8). In addition, assume

that the regulatory conditions holds. Then, for the p estimator defined in (10) and as n — oo

VEAm/E) (52 = 1)

1s asymptotically normally distributed.

We remark that analogous to the result in Theorem 2.1 in Gomes et al. [2002], the consistency
of the p estimator for S-mixing time series can be proved under only the second-order condition (3)

and weaker conditions on k,.
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Finally, we can use the tools built in Corollary A.2 and PropositionA.3 to prove our main results.

Proof of Theorem 4.1. From Corollary A.2, with k,, satisfying (9), the Hill estimator has the

following expansion

R ~ 1
\V4 ]Cn (P)/kn - ’Y) - ”yPl(l) — \/knA(n/kn)ﬂ — 0 a.s.
which leads to
Vi (2 = 7) = 24P — Vkp A(n /) —— S 0as.

(2)

Together with the asymptotic property of M. x, Obtained again from Corollary A.2, it implies that

ko (M — 242 ) — 292(P) = 2P) — ko A(n/ky) —0a.s.
o )

Thus, the asymptotic unbiased estimator has the following expansion, almost surely as n — oo,

Vkn (Vs — )
1
:\/E(ﬁ/kn - 7) T ar () () \/E <M]Ei) - 2;}/1371>

2’Yk:n,0k (1- Pk, )71

1 2 1 = 2vp
=P+ kA k) —— T (zﬂpf ) _opMy 4+ \/knA(n/kn)(l d p)2>
2’Yk: ( ~ Pk, )™
(1) (1 - PAJ(COC)) (2) P 1—p 1 - PAEga)
=P - — e (P — 2p! ) 4 kA0 k) T -—a |- (18)
Pk, —P P Pk,

In the last step we use the fact that 44, — 7 a.s., as n — oo. Further, the relation k,/k, — 0
VEnA(n/kn)
Vo A(n/kp)

method, we get that as n — oo,

implies that — 0, as n — oo. Thus, according to Proposition A.3 and Cramér’s Delta

A(@)

- P 1—p 1— Pk, P
P

Together with the consistency of pA,(JZ), the expansion (18) implies that as n — oo,

Ven Gt =) 5 - (A2 =)+ PP (p - 1))

The theorem is proved by using the covariance structure of (Pl(l), P1(2)> given in Corollary A.2. [

Proof of Theorem 4.2. The proof follows the same lines in the proof of Theorem 4.3.8 in de Haan
and Ferreira [2006]. Only the asymptotic limit of the estimator of the extreme value index contributes

to that of the quantile estimator. The theorem thus follows. O

22



Acknowledgments

Laurens de Haan’s research was partially supported by ENES project /PTDC/MAT /112770/2009. Cécile
Mercadier and Chen Zhou’s research was partially supported by the “EUR, fellowship” grant.

References
P. Billingsley. Probability and measure. John Wiley & Sons, 1979.

J.-J. Cai, L. de Haan, and C. Zhou. Bias correction in extreme value statistics with index around zero.
Extremes, 16(2):173-201, 2013.

G. Ciuperca and C. Mercadier. Semi-parametric estimation for heavy tailed distributions. Eztremes, 13:
55-87, 2010.

J. Danielsson, L. de Haan, L. Peng, and C. G. de Vries. Using a bootstrap method to choose the sample
fraction in tail index estimation. J. Multivariate Anal., 76(2):226-248, 2001.

L. de Haan and A. Ferreira. Extreme value theory. An introduction. Springer Series in Operations Research
and Financial Engineering. New York, NY: Springer., 2006.

F.X. Diebold, T. Schuermann, and J.D. Stroughair. Pitfalls and opportunities in the use of extreme value
theory in risk management. Journal of Risk Finance, The, 1(2):30-35, 2000.

H. Drees. Weighted approximations of tail processes for S-mixing random variables. Ann. Appl. Probab., 10
(4):1274-1301, 2000.

H. Drees. Tail empirical processes under mixing conditions. In Empirical process techniques for dependent
data, pages 325-342. Birkhduser Boston, Boston, MA, 2002.

H. Drees. Extreme quantile estimation for dependent data, with applications to finance. Bernoulli, 9(4):
617-657, 2003.

C. M Goldie. Implicit renewal theory and tails of solutions of random equations. Ann. Appl. Probab., 1(1):
126166, 1991.

IM. Gomes, L. de Haan, and L.H. Rodrigues. Tail index estimation for heavy-tailed models: accommodation
of bias in weighted log-excesses. Journal of the Royal Statistical Society: Series B (Statistical Methodology),
70(1):31-52, 2008.

M. I. Gomes, L. de Haan, and L. Peng. Semi-parametric estimation of the second order parameter in statistics
of extremes. Extremes, 5(4):387-414 (2003), 2002.

B.M. Hill. A simple general approach to inference about the tail of a distribution. Annals of Statistics, 3(5):
1163-1174, 1975.

T. Hsing. On tail index estimation using dependent data. Ann. Statist., 19(3):1547-1569, 1991.

H. Kesten. Random difference equations and renewal theory for products of random matrices. Acta Mathe-
matica, 131(1):207-248, 1973.

23



A. J. McNeil and R. Frey. Estimation of tail-related risk measures for heteroscedastic financial time series:
an extreme value approach. Journal of empirical finance, 7(3):271-300, 2000.

S. Resnick and C. Staricd. Asymptotic behavior of Hill’s estimator for autoregressive data. Comm. Statist.
Stochastic Models, 13(4):703-721, 1997.

H. Rootzén. The tail empirical process for stationary sequence. Preprint, Chalmers Univ. Gothenburg, 1995.

H. Rootzén. Weak convergence of the tail empirical process for dependent sequences. Stochastic Process.
Appl., 119(2):468-490, 2009.

C. Staricd. On the tail empirical process of solutions of stochastic difference equations. Preprint, Chalmers
Univ. Gothenburg, 1999. URL www.math.chalmers.se/-starica/resume/aarch.ps.gz.

P. Sun and C. Zhou. Diagnosing the distribution of garch innovations. Unpublished manuscript, 2013.

I. Weissman. Estimation of parameters and large quantiles based on the k largest observations. J. Amer.
Statist. Assoc., 73(364):812-815, 1978.

24


www. math. chalmers. se/-starica/ resume/aarch. ps. gz

	Introduction
	The idea of bias correction under independence
	The origin of bias
	Estimating the bias term

	The serial dependence conditions
	Main Results
	Estimating the second-order parameter
	Asymptotically unbiased estimator of the extreme value index
	Asymptotically unbiased estimator of high quantiles

	Examples
	Autoregressive model
	Moving average model
	Generalized autoregressive conditional heteroskedasticity model 

	Simulations
	Application
	– Appendix – Proofs

