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1 Introduction

Since there is no natural ordering of the two-dimensional Euclidean space, the concept
of a quantile in R? is not well defined. If, however, we can find a nice, natural class of
nested regions, we are essentially back in the one-dimensional situation and a quantile
can be defined to be an appropriate region in this class. Such a class of regions can be
generated by the level sets of a function, in particular of the probability density function.
When the density has some monotonicity property, these regions or their complements
have desirable properties, like connectedness. E.g. for elliptical distributions - like the
normal - the boundary of the quantile region is an ellipse. When a density on (0, c0)?
is monotone in both variables separately, similar quantile regions can be defined. In this
paper, we shall consider estimation of such quantiles in the far tail, in a semiparametric
setup, using multivariate extreme value theory.

Suppose we simultaneously monitor two possibly dependent, positive risks X and Y.
Let the pair (X,Y) have df F with density f on (0,00)%. Assume that - outside a square
(0, M]? - the probability density is decreasing in each variable. Denote the probability
measure corresponding to f with P. The probability measure on the underlying probability

space will be denoted by P. We define quantile regions determined by the levels of f:

Q= {(z,y) € (0,00)* : f(z,y) < B}.

So, for a (small) p € (0,1) we try to find a @ of this form such that PQ = p. The region
Q° = {(z,y) € (0,00)? : f(z,y) > [} has the property that everywhere on Q°, f is larger
than everywhere on @), i.e. the quantile region () is the set of less likely points. As a
consequence, (¢ is the region with smallest area such that PQ¢ =1 — p.

Now suppose that we have a random sample (X1,Y}),...,(X,,Y,) from F. Let p = p,
be very small; for the asymptotics think of np — ¢ € [0,00), so ¢ = 0 is possible.
In particular when we want to protect ourselves against a calamity that has not yet
occurred, we consider the case where p < 1/n. The question comes up how to estimate
Q) = @,. Such a quantile region () contains hardly or no data and therefore the estimation
is statistically difficult. It is the aim of this paper to propose an estimation procedure for
these quantiles () — connected with a very low probability and in the right upper tail —
in the framework of extreme value theory (EVT). The fact that under the EVT condition
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the tail of a distribution is close to a multivariate generalized Pareto distribution (cf. for
example Rootzén and Tajvidi, 2006) of rather simple structure is helpful.

Our results can be applied in, e.g., aviation safety. The Federal Aviation Administra-
tion (FAA) needs a system that provides instant assessments of airline performances and
that in particular signals those that appear to be extreme. Available is a data set for two
possibly dependent key airline performance measures (Incident Rate and Operational Un-
favorable Ratio). The bivariate data are positive and higher values correspond to a worse
performance. The task now is to identify an extreme risk region desired by the FAA. Our
estimator of () — for very small p — is a very natural extreme risk region and hence could
be used for flagging events of extreme aviation risk. See for more details Einmahl, Li and
Liu (2009).

The paper is organized as follows. In Section 2 we derive our estimator and present
the main asymptotic result. The method is illustrated on simulated data in Section 3 and

the proofs are deferred to Section 4.

2 Main Results

We assume throughout that F'is in the max-domain of attraction of an extreme-value dis-
tribution function G, with positive extreme-value indices 71, 7,. The marginal distribution
functions of I’ are denoted by F7i, Fy, respectively. In this case the domain of attraction

condition can be written as
(1) t(1 = F(UL()2, Ua(t)y™)) — —log G(a™,y7), ¢ — o0,
n (0, 00]? \ {(c0, )}, with
Uit) = F; ' —1/t), j=1,2;

here —log G(27,00) = —log G(00,27?) = 1/x. This implies the existence of a measure
v, the exponent measure, such that for all Borel sets A C [0, 00]? that are bounded away

from the origin and satisfy v(0A) =0
(2) tP ({(Un(8)2™, Ua(t)y™) : (2,y) € A}) = v(A), T — oo
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For such an A and a > 0, we have v(aA) = v(A)/a. Also, for every a > 0 the exponent
measure is a finite measure on [0, 00]? \ [0, a]?. For more details, see de Haan and Resnick
(1977).

We also require the convergence in (1) at the density level. Let g be the density

corresponding to the right-hand side of (1), i.e. we have

—log G(z"™,y) =v({(u,v) :u >z orv>y}) = // g(u, v)dudv.
u>x O v>y
We assume

q(x,y) == tUL () Us(t) f (U (t)z™, Us(t)y?)

(3) — Ll nyliog(a,y) = q(z,y), t— oo,

on (0,00)% In addition, we assume that

f is decreasing in each coordinate, outside (0, M]* (for some M > 0),

(4) and that on (0, M]?, f is bounded away from zero.

Set Ay = {(z,y) € (0,00)? : z Ay > A}. It follows that the convergence in (3) is
uniform on A,, for every A > 0, since the monotone functions ¢; converge pointwise to ¢
on A, and the range of values of ¢ on A, is bounded.

We mention a few properties of g,q and f. They follow easily from multivariate

extreme-value theory and standard arguments. We have
glaz,ay) = ag(z,y), x,y>0,a>0,

i.e. g is homogeneous of degree —3. Also, ¢ is decreasing in each coordinate on (0, 00)?, g
and ¢ are continuous on (0,00)?, g and f are positive on (0, 00)?, and g(cz, z) is decreasing
in x, for all ¢ > 0.

Condition (1) implies the existence of the spectral measure: a finite measure ¥ on

[0, 7/2] such that
/2 :
—logG(m”l,yW):/ cos@vsme
0 x Y
with foﬂﬂ cos 0d¥ (0) = foﬂ/Q sin dW (0) = 1; see Corollary 2 in de Haan and Resnick (1977).

We have

dv(9),

v (4 (u,v) :u2+v2>r2,g < tanf :1\11(9).
u r
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(Without confusion, we use ¥ to denote both the spectral measure and its distribution

function.) The existence of g implies the existence of ¢ := ¥’ on (0, 7/2) and
¥(0) = g(cosf,sinb).

It follows that ¢ is continuous on (0,7/2) and that ¥({0}) = ¥({n/2}) = 0.

Recall

Qn ={(z,y) € (0,00)": f(z,y) < B}
where 3 is taken such that PQ, = p, with p = p,, such that np — ¢ € [0, 00), or slightly
weaker p = O(1/n). It is the aim of the paper to estimate @), more precisely we want to
show consistency of our estimator @n in the following appropriate sense:
P@.0Q)) =
p

(Here A denotes ‘symmetric difference’> AAB = A\ BUB\ A.)

Set

S={(z,y) 2"y 2g(2,y) < Ml

see (3). S is a fixed (i.e. not depending on n) ‘basis’ for our estimator of @),,. We will esti-

mate S later and then transform - using in particular p - that estimator into an estimator
of @,,. Throughout

(5) k = k, is a sequence of positive integers such that £ — oo and k/n — 0.

A first step is to find an approximate value of 3. In this way, @), is approximated by
Q,, given by

9 np Y1t+7y2+1 1
Qn = {(x,y) € (0,00)*: f(z,y) < (—ku(8)> RO (TR U ) } .

Next, using (3), approximate (), by a similar expression involving g, the density of the

limiting measure, rather than f. Let z = (z,y) and define, in vector notation, the map
Tt, t> ]_, by
Ti(z) = U(t)z" = (Ui(1)z™, U2()y ™),

hence (2) can be written as
(6) tP(Ti(z): z € A) - v(A), t— oc.
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Set

0 =1 (8)s) < (1) (M9) s

The obvious step to obtain an estimator of (), is now to estimate @n, which can be

done by estimating 7/, v(S5), and in particular S. It is convenient to write S in polar

coordinates (r = /a2 + y2, 0 = arctan(y/x)):

(7) S = {(x,y) 2> <L1/)(9) cos’™ " fsin' 7 0) e , 0¢ [O,W/Q]} :

Y172
Note that
1
v(8) = // L U(0)drdo

TZ<W11,Y2 (#) cos! =71 @ sinl 72 9) 7172+ r

G RRTEere
(8) - / ( Y(0) cos' ™ Gsin' 7 0) (0)d6.

0 Y172

In order to estimate T3, , v(S), and S, it is sufficient to estimate Ui (n/k), Us(n/k),v1, 7,
and the spectral density 1. Estimation of the first four is well-known. We estimate U (n/k)

and Us(n/k) with the corresponding order statistics X,,_j., and Y;,_.,, respectively, so
l/j(n/k> = ((71 (n/k>’ (72(”/'1{;)) - (Xn—k:n7 Yn—k:n>‘

For the two extreme-value indices any v/k-consistent estimator can be chosen, e.g. the
moment estimator in Dekkers, Einmahl and de Haan (1989). The estimator for ¢ will
be obtained by smoothing a v/k-consistent estimator U of the spectral measure ¥, in
particular we can choose the maximum empirical likelihood estimator of ¥ in Einmahl
and Segers (2009). To be more precise let K be a probability density function being 0

outside (—1, 1), symmetric around 0, and of bounded variation. Define

0+h
D(0) = /9: %K (%) dV(t), h=h,>0.

Combining the various estimators we obtain, in vector notation, the following novel esti-

mator of an extreme bivariate quantile region:

o-(3) (42 =
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with (see (7))

o {“’ 0ir 2 (00 cos 0 (/2= ) s O V) ) }

and (see (8))

o o ™/2 L/\ 1-9; . - 1R _@1+7%2+1 ~
v(S) = /0 <%% (@) cos (O N (m/2 — h))sin" (0 V h)) ¥(0)do.

We are now in a position to present our main result. We need the following marginal
second order conditions: for j = 1,2, there exist functions A; with lim; .., A;(t) = 0 and

constant sign near infinity, such that

Ujtz) s )
(9) i D0 77 e ]
tooo Ay(1) pj

for all > 0 and some p; < 0.

Theorem Let p = O(1/n). Assume (1), (3), (4), (5), (9) hold and that 71,7, and 7
are such that Vk(; — ;) = 0,(1),j = 1,2, and \/E(\TJ — W) converges in distribution
on D[0,7/2] to a continuous process. Also assume infoco /2y 0(0) > 0, lim,_.och = 0,
lim inf, e AvVk > 0, and lim,_.(lognp)/vk = 0. Then we have that, as n — oo,

P(QuQn) ¥,

(10) »

Remark 1 The consistency formulation in a ratio setting is appropriate here. Since
p = O(1/n), the statement P(@nAQn) 5 0is pointless: it even holds when taking @n the
empty set. Actually our result is rather strong, stating that the estimation error is much
smaller than the already extremely small p. Observe that it follows from the Theorem
that

Remark 2 In practice it is important that the tuning parameters k used in the estimation

of the marginal quantities (v; and U;,j = 1,2) and in the estimation of ¢ can be chosen
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to be different, i.e. we take ki, ko and k. (E.g., a good value for k; can be a bad value for

ko; this depends on p; and py in (9).) The thus adapted estimator becomes

—\ —\
~ ~ kiv(S 5o~ kov (S 5 ~
Qn = 0, (— w(5) ™, Uy n (FeS) y? | (z,y) €5
k1 np ko np
If we also adapt the conditions of the theorem, in particular if (5) holds for ki, ko, ky,
liminf, .o hy/ky > 0, and lim,,_.« (lognp)/\/k; =0, j = 1,2, then (10) remains true.

Remark 3 Note that the estimated quantile region @n depends on p in a monotone way:
if p < p’ then @n(p) C @n(p’ ). It is also a continuous function of p. Hence, starting from
a very small @n we can enlarge it until it first hits an observation. This observation can
then be considered the largest one and it has a “p-value” attached to it. This could be
helpful in deciding whether some two-dimensional observation is the most atypical (or: an
outlier); see Section 3. Also, by continuing this procedure we can introduce a ranking of

the larger observations.

Remark 4 Considering the related paper Einmahl, Li and Liu (2009), the main difference
is that in that paper the shape of the quantile region estimator is fixed beforehand to be
a quadrant, whereas here the data determine the shape of the quantile region estimator.
Also somewhat related are de Haan and Huang (1995) and Joe, Smith and Weissman
(1992).

3 Illustration

In this section we illustrate the method on two simulated data sets. We use the adapted
estimator of Remark 2.
Consider the bivariate Cauchy distribution on (0, 00)? with density

2
(14 22+ ¢2)3/2°

flz,y) = -

This is a heavy-tailed density, symmetric in the coordinates x and y and a function of the
radius . We have 74 = 75 = 1 and ¢(0) = 1, for 6 € (0,7/2). We simulated a single
data set of size 5000 from this distribution and computed the true and estimated quantile
regions corresponding to p = 1,/2000, 1/5000, and 1/10,000, respectively. Observe that for
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Cauchy density, n=5000, p=1/2000, 1/5000, 1/10000

0>0

=)
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Figure 1: True and estimated quantile regions for p = 1/2000,1/5000,1/10,000 based on a

sample of size 5000 from the bivariate Cauchy distribution.

the latter p, np is as small as 0.5. It should be noted that for, e.g., p = 1/10,000 the
(constant) density f on the boundary of the quantile region is less than 107'2. Figure 1
shows excellent behavior of our procedure, in particular considering that the regions ar far
away from almost all the data points. We also calculated P(@n) for the three p-s. These
values only deviate a few percent from p which is a very small error given that the p-s are

extremely small.

We will also consider the density on (0, 00)? given by

C

(11) flz,y) = L
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with ¢ ~ 0.581. This density is less heavy tailed: v, = 4/5 and v, = 3/5. We find

() = 12¢ C1Co
25 (chcos!2/5 0 + chsin'?/?9) cos!/5 O sin¥?

0 € (0,7/2),

with ¢; = 0.589 and ¢y = 0.593. One can generate data from the density f by noting that

asymmetric density, n=5000, p=1/2000, 1/5000, 1/10000

250
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Figure 2: True and estimated quantile regions for p = 1/2000,1/5000,1/10,000 based on a
sample of size 5000 from the density f in (11). Note that different scales are used on the two

axes.

a corresponding random vector (X,Y’) can be represented by two independent random

variables S and = as follows:

1/3 = \ 1/4
- ()" (22
=+1 =+1
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We simulated a sample of size 5000 from this distribution and computed true and estimated
quantile regions corresponding to p = 1,/2000,1/5000, and 1/10,000, see Figure 2. For
these data the procedure shows the same excellent behavior. The three values of P(@n)
are now 10-15% too low, a small error given the statistical difficulty of the estimation

problem.

4 Proofs

For the proof of the theorem we need several lemmas and propositions. We throughout
assume that the conditions of the theorem are in force. We will need the following simple

auxiliary result.

Lemma 1 For all Borel sets A C [0,00]? that are bounded away from the origin and
satisfy v(0A) = 0, we have

(12) “(5) p (Tn/k (]W(S)A)> — v(A), n— .

p np

Proof It suffices to prove (12) for sets A of the form ([0, x| x [0, y])¢, with z,y > 0, z+y > 0.
Then the left-hand side of (12) is equal to

Pr(eu @) () v n @ ()

1/m1 71
v v Ui (% v
- o X>U1< (pS)) U1<E<:s>) kn(pS)x]
orY>U2(”<pS>) L) " k() 72

Using kv(S)/(np) — oo, it follows from the second order conditions (9) and Remark B.3.15
in de Haan and Ferreira (2006, p. 397), that

Uj (% np > .
_)
a\ [(Ev(S)\ 7V ’
U () ()

11
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Hence by the local uniformity in the limit relation
v(S)

p
the result follows. O

P (Tys)([0, 2] x [0,9])%) — v (([0, 2] x [0,4])°),

Our first task is to prove that @, and @, are close (Proposition 1). Recall Tys)p(2) =
U(v(S)/p)z" and

Gu(s)/p(2) = v(5) U (U(S>> Us (@) f(Tos)/p(2)).

p p p

Lemma 2 Let € > 0. Then for large n

Qn C Tuisyp {2 Quisyyp(z) < 1+¢}

and

Qn D Tysyp {2 qusyp(z) <1 —¢}
Proof It follows from (9) as in the proof of Lemma 1, that

) (35) 0 (2)a(2)

Hence for large n

Qn C {u: @Ul (@) Uy (@) flu) <1 —|—5}.

p

The other inclusion follows in the same way. O

Since the probability density f can be unbounded near the coordinate axes, we want
to consider the part of ), near the axes separately from the part in the middle. Define
for 6 € (0,7/4)

Rs = {(:I:,y) : %/\g Ztan5}

Lemma 3 Let € > 0 and ¢ > 0. Then for large n

{(:Euy) : QV(S)/p(:L‘7y) < C} NRs; C {(ZE,y) : Q(l‘,y) < C/(l - 5)} N Rs

and
{(@,9) : qusyp(z,y) <cf N Rs D {(x,y) = qlz,y) < ¢/(1+e)} N Rs.
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Proof From the monotonicity of ¢ it follows that there exists a ¢’ > 0 such that
c
{(%?J) 1q(z,y) < 1—_5} NRs C {(:E,y) L2t 4y > c’} N Rs.

Using again the monotonicity properties of ¢,(s)/, and ¢ we obtain from (3) that g,(s)/, — ¢
uniformly on the latter set. Hence for large n, on that set, (1 —)q(x,y) < quis)p(z,y) <
(1 + €)g(x,y). So on that set, if g,s)/p(x,y) < ¢, then ¢(z,y) < ¢/(1 —¢€) and if
Qu(s)/p(x,y) > ¢, then g(z,y) > ¢/(1+ ¢). The result follows. O

The next lemma can be shown in a similar way as Lemma 2.
Lemma 4 Let € > 0. Then for large n
Tusypil,y) ra(z,y) <1-e} C Qn

and

Tys)p {(@,y) s qlz,y) <146} D Qn.

1/ Y 1/m 1/ Y
v ’ Uy < (pS)) u ' U2< (pS)
- @@ -~ @ 7 /\ - @@ -~ 7
) ) Mae)

and observe that T, s/, Rs = Ws.

Ws =< (u,v) :

Lemma 5 We have

< P (T 28 (S\ Ry)
P n/k oy 0
lgm lim sup M =0 and limlimsup < [ d } )

0 nooo P 10 nooo p

=0.

Proof Let (9, yo) be the solution of the equations ¢(x,y) = 1+ 3¢ and y = x tand. From
the proof of Lemma 3 we have for large n
1+ 3¢
1+e¢
i.e. qu(s)p(T0,40) > 1+ €. Because of symmetry we only consider the region near the

G (s)/p(T0s Yo) > q(z0,y0) = 1 + 3¢,

horizontal axis. From Lemma 2 we see that for large n

%@P(Qn N{(u,v) : (U/UQ(V(S)/p))l/vz < (Ul(l/(S)/p)/u)l/Vl tan 51)

)

p
v(5)

p

P (TV(S)/p {(fa?/) Cqus)p(2) S 14e, ¥y < :Btané})

P (Ty(s)/p {(J:,y) 4yt >l y < xtané}) ,
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which tends to v({(z,y) : 2* +¢* > 2§, y < wtand}) = ~¥(J) as n — oo, which in turn

tends to 0 when ¢ | 0. Using Lemma 4, the second statement follows similarly. O

Proposition 1 We have

1o PG,

n—oo p

=0.

Proof Write Qn,g = ), N W and similarly

~ kv(S
Qn,& = Tn/k ( V( )
np

(SN R&)) = Tk (MS) {(ﬂf,y) Lqe,y) < 1,4 A

np x

> ans}).

< |8

Observe that Q, C Q,, or Q,, C Q,. Hence we have

P(QuAQn) < P(QuAQn) + P(QuAQy)
< 0= PQul+ PQust5Gas) + QAW + P (@A T (P51 79 )

Let € > 0. From Lemmas 2-4 and (2) it follows that as n — oo

v(S)

p P(Qn,éAén,(F) S V(S)

p

)
P (Tuw)/p{(fc?y) l—e<qla,y) <l+eInl Ztan§}>
Tz oy

J
— y({(x,y):1—5§q(m,y)§1+6,g/\£2tan§}>.
r oy

The latter expression is less than ((1+ &)Y/ +2+D — (1 — )/ 1(S) which in

turn tends to 0 when € | 0. Hence for all § € (0,7/4)

lim P(Qn,éA@n,é)

n—oo p

(13) ~0.

Similarly it follows that

. PQn,é . V(SﬂRg)
(14 Ty T )

Now the statement follows from Lemma 5, (13) and letting 6 | 0 in (14). O]

Our next task is to prove that @n and @n are close (Proposition 3). First we need two

results for @ .
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Proposition 2 Let n € (0,7/4). Then as n — o

sup [ ib(6) —(8)] = 0.

0¢€(n,m/2—n]

() = /:Zh 21(( h9> AU (h).

We have, writing I = [n,7/2 — 1),

Proof Define

t
sup [11(0) — |<sup/ (640 = vl (7 )
bl

(15) <sup sup |Y(0+1t)—y(t)| — 0,
bcl —h<t<h

by the uniform continuity of ¢ on [n/2,7/2 —n/2].
So it remains to show that
~ P
sup [¢(6) — ¥u(0)] —
ol

Observe that

B0 vy =[x (S50 d@0 - v
11 [
= LR _1(an(9 + ht) — a,(0))dK (t),
where o, := vk(¥ — ¥). Hence we have
(16) sup [1(0) — ¢, (60)] < W—K@)SHP sup |an (0 + ht) — an(6)]
oel A A/ e

Denote the continuous limiting process of a,, with a. Invoking a Skorohod construction

(but keeping the same notation) we see that the right-hand side of (16) is equal to

2 )f/];t)l {{

by the uniform continuity of a on [n/2,7/2 — n/2]. O

sup sup |a(f+ ht) — a(@)q + op(l)} = 0,(1),

0cI —1<t<1

Lemma 6 There exists a ¢ > 0 such that with probability tending to one, as n — oo,

inf  (6) cos" (O A (7/2 — h))sin" 2OV h) > ¢
0e(0,7/2)
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Proof By a symmetry argument it suffices to show

. -~ s 1
(17) 06(15717{/4] P(@)sin (@ V h) >c

As in the proof of Proposition 2, we obtain (with the obvious extension of «,)
1
~ J, 1K (1) P
(18) sup |Y(0) — ()| < ———=— sup sup |a,(f0+ ht) —a,(0)] — 0.
0e(0,m/4] Wk oe(or/4 —1<t<1
Also for 0 € (0, 7/4]

/2/19+ht dt>/K inf w(e)zl inf 9(0).

0e(0,7/4] 2 6€(0,m/4]

Hence with probability tending to one infge(g,x/4) 12(6’) > c¢. This completes the proof
of (17) when ~, > 1. In fact we also have (17) when 7, = 1, since sin!™2(§ v h) =
sin® (VR (v h) % 1 uniformly for 6 € (0, 7/4].

So in the sequel we assume 0 < 72 < 1. We obtain from (18)

sup  |1h(6) — ¥ (6)|sin* (0 v h) 5 0.
0e(0,7/4]

When h < 0 < 7/4, with probability tending to one

+h _
Sin' (0 h)ib (8) = sin' (8 v h) / 1k (t 9) b(t)dt

o_n h h

0+h : 1—2

— sin”? (v h K <u) (sint)' ™ <sm(9—\/h)> dt
h sint
6+h : 1=v2
- t—0 sin @

> qin2— 72 h e 1—2 t 24y [ PV
> sin AV, 0 o ( ; ) (sint)"~72(cost) (sin(9 n h)) dt
> s (g v h L <_>

9 h h

() (e (Gom) e Gon) " (S) e

where we have used for the second inequality that sin'™72tcos?*2ti)(t) is decreasing,
which holds since ¢(1,tant) is decreasing.

Finally consider 0 < # < h. We again use that sin'™72tcos>™2 ty)(t) is decreasing
and that hence cos?t72 t1)(t) is also decreasing (0 < ¢ < w/4). We have with probability
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tending to one

0+h 1

sin!™2(6 V h)1p, (0) > sin* 2 h / oK ( . 9) Wb(t)(cos ) 2dt
0—h

0+h 1 0 - . L
> —-K dt ¥ (2h)(cos 2h)="72 (sin h)" 72
o-n h h

R inh \ 172
— (2h 2RVET 2 (sin 2R) 172 (sin h) Y22 Sin
() 0s 20 (s 20) !~ (sin = ( 0

24 1— R inh \ 172
> (%) (cos %) - <sin %) - (sin h)72772 (;ﬂ%) > c. O

Lemma 7 As n — oo

—

v(S) 5 v(9).

Proof Recall that
/2 ST
v(S) = / (—@D(@) cos' 7 @ sin' 7 9) »(6)do.
0 V172
From Proposition 2 it readily follows that for fixed n € (0,7/4)

~

w/2— _m ~
/ ! (L () cos' (O A (/2 — h))sin'2(h v h)) »(6)do
V172

/2= et
A / (7 S ¥(0) cos’ ™ fsin' 2 0) »(0)do,
172

which (since v(S) < o0) in turn tends to v(S) when 7 | 0.

It remains to consider
1~ - " “ATR
/ (7 (0) cos' (O A (m/2 — h))sin'72(0 v h)) Y (6)do;
0o \772
the integral on [r/2 — n,7/2] can be dealt with in the same way. From Lemma 6 we

see, with probability tending to one, that this expression is bounded from above by some

constant times [ n (0)df. The latter expression is in turn bounded by

//;Ml ( )d\IJ de</n+h/tt+h1 ( )d&d\l/() U(n+ h),

which converges in probability to W(n) when n — oo. The fact that lim, o ¥(n) = 0

completes the proof.
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For § € (0,7/4), define S5 = SNRs = SN{(z,y) : 6 <O < 7/2—0} and S5 = SNR; =
Sn{(z,y): 0 <6 <n/2—5}. The following lemma follows easily, using Proposition 2.

Lemma 8 Let € > 0. Then with probability tending to one, as n — oo,
(1+¢€)Ss C S5 C (1—¢)Ss.

Recall the definition of én,g in the proof of Proposition 1 and write
kv (S) e oy w
Qn(S_ n/k ( ( ) {(x,y) :xl ’Ylyl 729(%19) §7172,y/\—2tan5}> ;
np r oy

here for z = (x,y), T\n/k(/,\z) Un/k)27 = (Uy(n/k)a™, Us(n/k)y?2) and for (z,y) =
(rcos@,rsinf), glz,y) = (0)/r.

Lemma 9 Let § € (0,7/4). Then as n — oo

P(@n,(SA@n,(S) ﬂ 0
p

Proof We have

(Qn 5AQTL 6

e (20)
(19) +p<n/k(

95) s (515 .
We consider

e (225) . (3 (2 i) ).

Now for (z,y) € (0,00)?,

()] G )
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Applying a Skorohod construction (but keeping the same notation) we have, using (log np)/vk —
0, that with probability 1

= Ay — /m ~ o /v
Ui (%) <k;y(5)>“ N A (T (3) <k:y(5)>”2 N A, L @LLY).
Ul (%) np 7717 U2 (%) np 772 Y Y )
Writing
* np -1/ kV(S)
Srs=—=1"Tyr——=Ss,
n,8 kI/(S) n/k /k np 1)
we obtain that for € € (0,1) and n > 1/¢,
kv (S)

U (S5085,,)

m>1/e

Vi1 kv (S 1
p p np ’ p
Letting n — oo, the latter expression tends to v (Ups1/e (SsASE, 5)) /v(S) by Lemma 1,
which in turn tends to 0 with probability 1, when ¢ | 0.
Next consider
v, 1 k

S=F (Tn/k—p @(5)5@@@)) .

Lemmas 7 and 8 imply that with probability tending to one this expression is bounded

from above by

%P (A ﬁp ((1—2)*w(5)Ss) \ (1 + 5)21/(5)56))
_ lep (fn/k n(ps> ((1—2)255)\ ((1+ 5>255))

Now we are in a similar position as when dealing with V;/p : letting n — oo and next
e | 0, the latter expression converges to 0 with probability 1.
Combining the results for V;/p and Va/p with (19) completes the proof. O

Lemma 10 For every € > 0 there exists a 6 > 0 and an n. s such that for n > n.;

P (Qu\ Qus)

p

P >e ] <e.
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Proof From Lemma 6 we obtain the existence of a ¢ such that with probability tending

to one, as n — 00,
S\Ss C{(x,y):r>7¢ 0¢&[6,7/2—0]} = Zss.

This implies that with probability tending to one
A - ku(S)
P <Qn \ Qn,5> <P (Tn/k%Z&&) :

Hence it suffices to show that there exists a 6 > 0 and an n. s such that for n > n.s

—

P (fn/k k/(5) ZE,6>
P

np

p

>e| <e.

This can be proved using similar arguments as in the proof of the previous lemma. O

Proposition 3 We have, as n — oo,

P(QuAQ,) LA
— S

Proof The statement follows from Lemmas 9, 5 (second statement) and 10.

Proof of the Theorem The result follows from combining Propositions 1 and 3.

Acknowledgements We are very grateful to Andrea Krajina for helping out with the
simulations.
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