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Abstract Applying extreme value statistics in meteorology and environmental science requires

accurate estimators on extreme value indices that are around zero. Without having prior knowledge

on the sign of the extreme value indices, the probability weighted moment (PWM) estimator is a

favorable candidate. As most other estimators on the extreme value index, the PWM estimator

bears an asymptotic bias. In this paper, we develop a bias correction procedure for the PWM

estimator. Moreover, we provide bias-corrected PWM estimators for high quantiles and, when the

extreme value index is negative, the endpoint of a distribution. The choice of k, the number of

high order statistics used for estimation, is crucial in applications. The asymptotically unbiased

PWM estimators allows the choice of higher level k, which results in a lower asymptotic variance.
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Moreover, since the bias-corrected PWM estimators can be applied for a wider range of k, one

gets more flexibility in choosing k for finite sample applications. All advantages become apparent

in simulations and an environmental application on estimating “once per 10,000 years” still water

level at Hoek van Holland, The Netherlands.

Keywords: The probability weighted moment estimator; extreme value index; bias correction;

high quantile estimation; endpoint estimation
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1 Introduction

Extreme value statistics has been widely applied in modeling and analyzing rare events in

meteorology, environmental science, finance, among other fields. An example in application is es-

timating high quantiles with extremely low tail probabilities. The major difficulty in application

is to produce accurate estimates of the so-called extreme value index, denoted as γ which charac-

terizes the shape of a distribution function in the tail region. The case γ > 0 corresponds to the

“heavy-tailed” distributions, while the case γ < 0 corresponds to distributions with finite right end-

point. Empirical literature has documented that random variables investigated in meteorology and

environmental science exhibit generally extreme value indices around zero 1. In other words, when

analyzing meteorological and environmental variables, scientists tend not to make assumption on

the distribution function as either heavy-tailed (γ > 0) or with finite endpoint (γ < 0). Estimators

of a general γ without having prior knowledge on its sign are necessary for such a situation.

Following the usual peak-over-threshold (POT) approach in extreme value analysis, with ob-

servations from a distribution that is in the max-domain of attraction, the excesses above a high

threshold follows approximately the generalized Pareto distribution (GPD); see, e.g. de Haan

and Ferreira (2006, Chap 3). The extreme value index is the shape parameter in the limiting

GPD. Hosking and Wallis (1987) introduced the probability weighted moment (PWM) estimator

for estimating the shape parameter in the GPD without having prior knowledge on the sign of

the shape parameter. A modified version of the PWM estimator is then suitable for handling

estimation of the extreme value index that is around zero, when the observations are from the

max-domain of attraction. The estimator is widely used in meteorology and environmental appli-

cations. With independent and identically distributed (i.i.d.) observations X1, X2, · · · , Xn ranked

as Xn,1 ≤ · · · ≤ Xn,n, we define the PWM estimator as

γ̂pwm :=
I1 − 4I2
I1 − 2I2

, (1.1)

1For example, for hourly surge level on the English east coast, Coles and Tawn (1991) find no significant
evidence against γ = 0; for hourly maximum wind speed in Sheffield, UK, Coles and Walshaw (1994) estimate
its γ at -0.12; for daily rainfall in the south-west of England, Coles and Tawn (1996) get the γ estimate at
0.066; for wave height and still water level on the Dutch coast, de Haan and de Ronde (1998) provide γ
estimates of the two at -0.0074 and -0.12 respectively; for daily rainfall in North Holland, The Netherlands,
Buishand et al. (2008) obtain a γ estimate at 0.1082.
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where the probability weighted moments are given by

Iq =
1

k

k∑
i=1

(
i

k

)q−1
(Xn,n−i+1 −Xn,n−k), (1.2)

for q = 1, 2, · · · . Here k := k(n) is an intermediate sequence such that k → ∞ and k/n → 0 as

n → ∞.

Similar to other estimators of the extreme value index, with a suitable second order condition

(see section 2.1), γ̂pwm has the following asymptotic expansion,

γ̂pwm − γ ≈ Nγ√
k
+A(n/k)

(1− γ)(2− γ)

(1− γ − ρ)(2− γ − ρ)
, (1.3)

where Nγ is a mean zero normal random variable, A is a positive or negative function with A(t) → 0

as t → ∞, and ρ is a parameter governing the second order behavior of the tail. From (1.3) we

see that
√
k(γ̂pwm − γ)

d→ Nγ provided that
√
kA(n/k) → 0 as n → ∞. The imposed condition

requires a rather slow speed of convergence for the PWM estimator. When
√
kA(n/k) → λ, λ ̸= 0,

a bias appears as λ (1−γ)(2−γ)
(1−γ−ρ)(2−γ−ρ) . Since the bias is an explicit function, the aim of this paper is to

estimate the bias and subtract it from the original PWM estimator, thus creating a more efficient

estimator. Our bias correction procedure has the following advantages.

Firstly, for the application of the bias-corrected PWM estimator, larger values of k can be used

than that for the original PWM estimator. This results in a lower asymptotic variance.

Secondly, in applications the choice of k becomes less crucial since for a much wider range of

k− values, the estimation stays at a stable level.

Thirdly, the bias-corrected PWM estimator is asymptotically unbiased in the sense that the

asymptotic normal distribution has zero mean. All these features become apparent in the simula-

tions and application.

Bias correction has been studied extensively in the literature of estimating the extreme value

index. Most studies focus on the γ positive case, with a few papers focusing on the γ negative

case. (i) The first generation of bias correction methods is based on an indirect approach which

uses weighted combination of different estimators in order to cancel out the bias terms;2 see Peng

2This approach is sometimes called the “generalized jackknife estimators” of extreme value index.
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(1998), Caeiro and Gomes (2002), Gomes and Martins (2002, 2004), Gomes et al. (2000, 2002,

2004, 2005, 2007). (ii) The second generation of bias correction methods considers subtracting the

bias term in the asymptotic distribution directly; see Caeiro et al. (2005), Gomes and Pestana

(2007b); Gomes et al. (2008) and Caeiro and Gomes (2008). (iii) Another category of methods

comes from the maximum likelihood procedure: by applying a maximum likelihood procedure to a

second order expansion of an explicit tail distribution function, the bias term in the extreme value

index estimator is reduced to a lower level. This has been done by Feuerverger and Hall (1999) in

the γ positive case. We remark that for all aforementioned bias correction methods, γ is assumed

to be positive. Some recent studies focus on the γ negative case following the maximum likelihood

method; see Li and Peng (2009) and Li et al. (2010a).

To our best knowledge, no bias correction method has been studied for the general case when

γ is not restricted to be positive or negative. The present paper fills this gap because the PWM

estimator does not require prior knowledge on the sign of γ.

We further provide a bias correction procedure for the PWM estimators of high quantiles and,

when γ is negative, of the endpoint of a distribution. Simulations confirm that the bias-corrected

estimators exhibit a superior performance compared to most existing estimators, except in the

endpoint estimation. We conduct a real data application on the still water level at Hoek van

Holland, The Netherlands.

2 Tail expansion and the choice of k

2.1 Tail expansion: the first, second and third order conditions

The fundamental probability setup in extreme value statistics, the so-called domain of attraction

condition, models the tail above a high threshold. Suppose that a random variable X follows a

distribution function F with right endpoint x∗ := sup {x|F (x) < 1}. The domain of attraction

condition can be expressed as follows (Balkema and De Haan (1974)): there exists a scaling function
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f(t) and γ ∈ R, such that for any x with 1 + γx > 0,

lim
t→x∗

P

(
X − t

f(t)
> x|X > t

)
= (1 + γx)−1/γ .

Based on such an approximation, the POT approach considers that the observed excesses above a

high threshold follow approximately a GPD. An equivalent condition is given on the corresponding

quantile function U := (1/(1 − F ))←, where ← denotes the left-continuous inverse function. The

domain of attraction condition is equivalent to

lim
t→∞

U(tx)− U(t)

a(t)
=

xγ − 1

γ
, (2.1)

for x > 1, where a(t) is a positive function linked to the function f(t) by a(t) = f(U(t)), called the

(first order) scale function, and the parameter γ is the so-called extreme value index.

Existing estimators of the extreme value index, such as the Hill estimator (Hill (1975)), the

moment estimator (Dekkers et al. (1989)) and the maximum likelihood estimator (Smith (1987)),

possess asymptotic normality under suitable second order conditions. We use the generalized second

order condition which characterizes the speed of convergence in (2.1) as follows (de Haan and

Stadtmüller (1996)): there exists a second order scale function A(t) with constant sign near infinity

satisfying A(t) → 0 as t → ∞ and a second order index ρ < 03, such that for all x > 0,

lim
t→∞

U(tx)−U(t)
a(t) − xγ−1

γ

A(t)
=

xγ+ρ − 1

ρ(γ + ρ)
. (2.2)

As a consequence, |A| is a regularly varying function with index ρ.

The direct approach on bias correction employs estimators on A(n/k) as well as ρ. Similar to

the logic that the second order condition ensures asymptotic normalities of estimators for first order

parameters, to obtain the asymptotic properties of the estimators for the second order parameters,

we need to impose a third order condition which characterizes the speed of convergence in the

second order condition as follows. Suppose there exists a third order scale function B(t) with

3In a general setup of the second order condition, it is possible to have a second order index ρ zero.
Nevertheless, for bias correction studies, it is usually assumed that ρ < 0. We follow such an assumption.
Similar argument holds for the third order index below.
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constant sign near infinity satisfying B(t) → 0 as t → ∞ and a third order index ρ′ < 0, such that

for all x > 0,

lim
t→∞

U(tx)−U(t)
a(t)

−xγ−1
γ

A(t) − xγ+ρ−1
ρ(γ+ρ)

B(t)
=

xγ+ρ+ρ′ − 1

γ + ρ+ ρ′
. (2.3)

As a consequence, |B| is a regularly varying function with index ρ′. The third order condition has

been developed in Fraga Alves et al. (2003). In the literature on bias correction for positive γ, a

similar but simpler third order condition applies.

2.2 The choice of k

With a bias-corrected estimator of the extreme value index, it is possible to choose a high

value of k, but the choice can not be too high. As pointed out in Caeiro and Gomes (2008),

under the third order condition, for an intermediate series k such that
√
k |A(n/k)| → ∞ and

√
k
(
A2(n/k) + |A(n/k)B(n/k)|

)
→ λ′ at a finite level as n → ∞, the “bias-corrected estima-

tors” in Caeiro et al. (2005) again have a bias. This applies in general to bias subtraction pro-

cedures for any extreme value index estimator. Therefore, to obtain a fully bias-corrected esti-

mator, the highest k one can choose in the original γ estimator, denoted as kγ , should satisfy√
kγ
(
A2(n/kγ) + |A(n/kγ)B(n/kγ)|

)
→ 0. We do choose such a k level in the bias correction

procedure of the PWM estimator, i.e. kγ satisfies the condition that, as n → ∞,


√

kγ |A(n/kγ)| → ∞,√
kγ
(
A2(n/kγ) + |A(n/kγ)B(n/kγ)|

)
→ 0.

(2.4)

We remark that this condition is not too restrictive: considering the regular variation prop-

erty of |A| and |B|, condition (2.4) is equivalent to choosing a k of a order nκ, with κ ∈

( 2ρ
2ρ−1 ,

2(ρ+max(ρ,ρ′))
2(ρ+max(ρ,ρ′))−1). In the literature of the optimal choice of k for the original estimators

of the extreme value index, the optimal choice kopt is of order n
κ with κ = 2ρ

2ρ−1 .

When estimating the bias term, estimators of the second order index ρ are employed, which

also involves a (different) choice of k. An accurate estimate of the second order index ρ is in general

difficult to achieve according to extensive simulations in the literature. The recommendation in the

literature is that for the ρ estimator, the choice of k, kρ, should be at a higher level compared to
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kγ
4. More precisely, we choose a kρ such that as n → ∞,


√

kρ |A(n/kρ)| → ∞,√
kρ
(
A2(n/kρ) + |A(n/kρ)B(n/kρ)|

)
= O(1),

kγ
kρ

→ 0.

(2.5)

3 Bias correction for the PWM estimators on the ex-

treme value index, high quantiles and endpoint

3.1 Bias correction for the PWM estimator

Recall that we have i.i.d. observations X1, X2, · · · , Xn with a common distribution function

F . The following lemma gives the asymptotic behavior of the PWMs, defined in (1.2). It can be

obtained by applying the expansion of excesses above a high threshold as in Drees (1998, Theorem

2.1); see the proof in Appendix.

Lemma 3.1 Suppose the third order condition (2.3) holds with γ < 1/2 and ρ, ρ′ < 0. Let k be an

intermediate sequence such that k → ∞, k/n → 0 and
√
k
(
A2(n/k) + |A(n/k)B(n/k)|

)
= O(1) as

n → ∞. Then for q = 1, 2, · · · , we have that

q(q − γ)Iq
a(n/k)

= 1 +
1√
k
Lq +A(n/k)Bq + εn,k. (3.1)

Here the main stochastic term is

Lq = q(q − γ)

∫ 1

0
sq−1(s−γ−1W (s)−W (1))ds

with W a standard Brownian motion; the main bias term is

Bq = q(q − γ)

∫ 1

0
sq−1

s−γ−ρ − 1

ρ(γ + ρ)
ds =

q − γ

ρ(q − γ − ρ)
,

4We remark that in the maximum likelihood approach on bias reduction, the maximum likelihood pro-
cedure is applied to all parameters including the γ and ρ parameter simultaneously. The choice of k for γ
thus follows the optimal choice for the ρ estimator. This leads to less flexibility in obtaining the bias-reduced
estimator of γ as pointed out in Li and Peng (2009).
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and the residual term is εn,k = Op(A
2(n/k)+ |A(n/k)B(n/k)|). Moreover, for any positive integers

q and r,

Cov(W (1), Lq) = γ, (3.2)

and

Cov(Lq, Lr) =
qr

q + r − 1− 2γ
+ γ2. (3.3)

Under the condition (2.5), the εn,k term in (3.1) is of a lower order compared to the other two

terms. Throughout, εn,k denotes any term at the level of Op(A
2(n/k) + |A(n/k)B(n/k)|). They

are not necessarily equal.

The PWM estimator of the extreme value index γ is constructed by combining two different

PWMs. With two different positive integers q and r, from Lemma 3.1, we get that, as n → ∞,

qIq
rIr

P→ r − γ

q − γ
.

This leads to a consistent PWM estimator of γ as

γ̂q,r =
q2Iq − r2Ir
qIq − rIr

.

The estimator γ̂1,2 coincides with γ̂pwm defined in (1.1), which is a modified version of the classic

PWM estimator initially proposed by Hosking and Wallis (1987). The original estimator, designed

for observations from the GPD has no threshold, or one can say it has threshold zero, whereas we

have threshold Xn,n−k due to the fact that we deal with observations in the domain of attraction.

We are going to correct for the bias of the estimator γ̂1,2.

The asymptotic expansion of the PWM estimator can be derived from (3.1) as

γ̂q,r − γ = − 1√
k

(q − γ)(r − γ)

q − r
(Lq − Lr) +A(n/k)

(q − γ)(r − γ)

(q − γ − ρ)(r − γ − ρ)
+ εn,k, (3.4)

by applying Cramér’s delta method. Thus, we omit the details of the derivation.

We see from the asymptotic expansion that in order to correct the bias term in the PWM

estimator, γ̂1,2, it is necessary to construct estimators for the second order index ρ as well as the
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second order scale function A(n/k). The estimation starts from comparing two PWM estimators.

For simplicity, we compare γ̂q,r and γ̂p,r, where p, q and r are three different integers. From the

asymptotic property in (3.4), we get that

γ̂q,r − γ̂p,r =
1√
k
Np,q,r +A(n/k)

ρ(r − γ)(p− q)

(p− γ − ρ)(q − γ − ρ)(r − γ − ρ)
+ εn,k. (3.5)

Here the stochastic term

Np,q,r := (r − γ)

(
p− γ

p− r
Lp −

q − γ

q − r
Lq +

(p− q)(r − γ)

(p− r)(q − r)
Lr

)

is a normally distributed random variable with mean zero. We take specific values for p, q, r in

(3.5): p = 4, q = 3, where r is first set to 1 and then 2. When choosing kρ as in (2.5), relation (3.5)

implies

γ̂3,1(kρ)− γ̂4,1(kρ)

γ̂3,2(kρ)− γ̂4,2(kρ)

P→ 1− γ

2− γ
· 2− γ − ρ

1− γ − ρ
,

as n → ∞. Thus, a consistent estimator of ρ can be given as

ρ̂(kρ) := 1− γ̂1,2(kρ)−
1

2−γ̂1,2(kρ)
1−γ̂1,2(kρ) ·

γ̂3,1(kρ)−γ̂4,1(kρ)
γ̂3,2(kρ)−γ̂4,2(kρ) − 1

, (3.6)

As discussed in Section 2.2, the intermediate sequence k we will use in the bias-corrected PWM

estimator, kγ , satisfies the condition (2.4), while kρ is at a higher level, in the sense that kρ/kγ → ∞

as n → ∞. It ensures that the asymptotic distribution of ρ will not contaminate the bias subtraction

procedure later: from Lemma 6.2, we get that

√
kγA(n/kγ)(ρ̂(kρ)− ρ) = op(1). (3.7)

From now on, we just write k for kγ satisfying (2.4).

The estimator of A(n/k) is based on the expansion of γ̂2,1 − γ̂3,1 as in (3.5),

γ̂2,1(k)− γ̂3,1(k) =
1√
k
N3,2,1 +A(n/k)

ρ(1− γ)

(1− γ − ρ)(2− γ − ρ)(3− γ − ρ)
+ εn,k. (3.8)
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This suggests the following estimator

Â(n/k) := (γ̂2,1(k)− γ̂3,1(k))
(1− γ̂2,1(k)− ρ̂(kρ))(2− γ̂2,1(k)− ρ̂(kρ))(3− γ̂2,1(k)− ρ̂(kρ))

ρ̂(kρ)(1− γ̂2,1(k))
. (3.9)

Using these estimators of the second order index and scale function, we can now directly subtract

the bias term from the PWM estimator γ̂1,2 to obtain the bias-corrected estimator γ̂ub given as

γ̂ub := γ̂1,2(k)− Â(n/k)
(1− γ̂1,2(k))(2− γ̂1,2(k))

(1− γ̂1,2(k)− ρ̂(kρ))(2− γ̂1,2(k)− ρ̂(kρ))
. (3.10)

The following theorem gives the asymptotic normality of γ̂ub.

Theorem 3.2 Under the conditions (2.3), (2.4) and (2.5) with γ < 1/2 and ρ, ρ′ < 0, as n → ∞,

√
k(γ̂ub − γ)

d→ (1− γ)(2− γ)(3− γ)

2ρ
((γ + ρ− 1)L1 − 2(γ + ρ− 2)L2 + (γ + ρ− 3)L3) , (3.11)

where the covariance matrix of L1, L2 and L3 can be obtained from (3.3).

Remark 3.3 The bias-corrected PWM estimator γ̂ub is asymptotically unbiased. It is still inter-

esting to study the asymptotic variance. Denote the variance of the limit distribution in (3.11) as

σ2
ub(γ, ρ) and the asymptotic variance of

√
k(γ̂1,2 − γ) in (3.4) as σ2

1,2(γ). Table 1 shows the value

of σ2
ub(γ, ρ)/σ

2
1,2(γ) corresponding to different ρ and γ. Notice that the bias-corrected estimation

allows a higher choice of k, hence ensures a lower mean square error; see simulation results in

Section 4.

Remark 3.4 Similar to the PWM estimator γ̂1,2, this bias-corrected PWM estimator can be applied

to any γ that is below 1/2 and is shift and scale invariant. Therefore, it is particularly useful in

dealing with the case that the extreme value index is around zero.

3.2 Bias correction for the quantile estimator

Estimating high quantiles is one of the major interests in applications of extreme value statistics.

The high quantile estimator has been introduced in Weissman (1978). Under the second order

condition (2.2), the estimator has a bias term that can be corrected under the framework of the
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Table 1: Comparison on the asymptotic variance of γ̂ub and γ̂1,2

γ

−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4

ρ

−2 2.5 2.5 2.4 2.3 2.3 2.2 2.2 2.3 2.4

−1.5 3.9 3.7 3.5 3.3 3.1 2.9 2.8 2.8 2.7

−1 7.6 7.1 6.6 6.0 5.4 4.8 4.3 3.9 3.6

−0.5 27.3 25.1 22.7 20.0 17.1 14.2 11.4 9.1 7.4

Note: The value is σ2
ub(γ, ρ)/σ

2
1,2(γ), where σ2

ub(γ, ρ) indicates the asymptotic variance of
√
k(γ̂ub − γ) in

(3.11) and σ2
1,2(γ) indicates the asymptotic variance of

√
k(γ̂1,2 − γ) in (3.4). Notice that the convergence

speed,
√
k might be different for two estimations. The bias-corrected estimator allows a higher level of k.

third order condition. To our best knowledge, bias correction for high quantile estimators has been

studied for the γ positive case only; see e.g. Matthys et al. (2004), Gomes and Figueiredo (2006),

Gomes and Pestana (2007a), Beirlant et al. (2008) and Li et al. (2010b).

For a low probability level p = p(n) depending on n such that limn→∞ p(n) = 0, we are

interested in estimating the high quantile xp defined by xp := sup{x|F (x) < 1−p}, or equivalently,

xp = U(1/p). The high quantile estimator in de Haan and Rootzén (1993) is based on the first

order expansion of U in (2.1) with taking tx = 1/p and t = n/k. That is

x̂p = Û(n/k) + â(n/k)
dγ̂n − 1

γ̂
,

where Û(n/k) := Xn,n−k, dn = k
np and â(n/k) an estimator of the scale function. The second order

expansion of U in (2.2) suggests a bias-corrected high quantile estimator as

x̂p,ub := Û(n/k) + âub(n/k)
d
γ̂ub(k)
n − 1

γ̂ub(k)
+ Â(n/k)âub(n/k)

d
ρ̂(kρ)+γ̂ub(k)
n − 1

ρ̂(kρ)(γ̂ub(k) + ρ̂(kρ))
. (3.12)

Here we choose to use γ̂ub, ρ̂ and Â(n/k) as in Section 3.1 and a bias-corrected scale estimator as

follows,

âub(n/k) := â(n/k) exp

(
−Â(n/k)

(1− γ̂ub(k))(2− γ̂ub(k))− ρ̂(kρ)(3− 2γ̂ub(k))

ρ̂(kρ)(1− γ̂ub(k)− ρ̂(kρ))(2− γ̂ub(k)− ρ̂(kρ))

)
, (3.13)

where â(n/k) is the corresponding PWM estimator of the scale function: â(n/k) = 2I1I2
I1−2I2 , see
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de Haan and Ferreira (2006).

The asymptotic property of the bias-corrected quantile estimator is given in the following the-

orem.

Theorem 3.5 Suppose the third order condition (2.3) holds with γ < 1/2 and ρ, ρ′ < 0. Assume the

conditions (2.4) and (2.5) hold and the probability sequence p(n) satisfies np = o(k) and log(np) =

o(
√
k) as n → ∞. Then, as n → ∞, with γ− := min(0, γ) and qγ(t) :=

∫ t
1 s

γ−1 log sds for t > 1,

√
k

x̂p,ub − xp
a(n/k)qγ(dn)

d→ Γ1 + Γ2 + Γ3 + Γ4.

Γ1, Γ2, Γ3, and Γ4 are centered normally distributed random variables stemming from the asymp-

totic expansions of Û(n/k), γ̂ub, âub(n/k) and the bias correction procedure, respectively. More

specifically,

Γ1 =(γ−)
2W (1),

Γ2 =
(1− γ)(2− γ)(3− γ)

2ρ
((γ + ρ− 1)L1 − 2(γ + ρ− 2)L2 + (γ + ρ− 3)L3) ,

Γ3 =− γ−(1− γ)(2− γ)(3− γ)

2ρ

(
(γ + ρ− 1)

(
1

ρ
− 1

2− γ
− 1

3− γ

)
L1

− 2(γ + ρ− 2)

(
1

ρ
− 1

1− γ
− 1

3− γ

)
L2

+ (γ + ρ− 3)

(
1

ρ
− 1

1− γ
− 1

2− γ

)
L3

)
,

Γ4 =− (γ−)
2(1− γ − ρ)(2− γ − ρ)(3− γ − ρ)

2ρ2(γ− + ρ)
((1− γ)L1)− 2(2− γ)L2 + (3− γ)L3).

Here W is the standard Brownian motion in Lemma 3.1. The covariance matrix of (Γ1,Γ2,Γ3,Γ4)

can be obtained from (3.2) and (3.3).

We remark that the asymptotic relation remains valid when replacing a(n/k), qγ(n/k) by their con-

sistent estimators. This is useful in constructing confidence interval of the high quantile estimates.

Notice that in the bias-corrected quantile estimator, we do not assume the sign of the extreme

value index γ ex ante. Nevertheless, once the sign is known, the asymptotic property can be

significantly simplified as in the following corollary.
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Corollary 3.6 If γ ≥ 0, as n → ∞,

√
k

x̂p,ub − xp
a(n/k)qγ(dn)

d→ Γ2.

If γ < 0, as n → ∞,

√
k

x̂p,ub − xp
a(n/k)qγ(dn)

d→γ2W (1) + 3(1− γ)

(
1− 1

γ + ρ

)
L1

− 3(2− γ)

(
1− 2

γ + ρ

)
L2 + (3− γ)

(
1− 3

γ + ρ

)
L3.

3.3 Bias correction for the endpoint estimator

The endpoint of a distribution function F is defined as x∗ = sup{x : F (x) < 1}. If F belongs

to the domain of attraction with γ < 0, the endpoint of F is finite. The estimation of the endpoint

has been studied in literature; see Hall (1982) and Dekkers et al. (1989). The statistical procedure

in such situations helps to answer many interesting questions. How long can we live (Aarssen and

de Haan (1994))? What is the ultimate world record in a specific athletic event (Einmahl and

Magnus (2008))? Similar to other estimation procedure in extreme value statistics, the estimation

of the endpoint also bears a potential bias. Li and Peng (2009) propose a bias reduced maximum

likelihood estimator for the endpoint.

An bias-corrected endpoint estimator can be derived from the bias-corrected quantile estimator

defined in (3.12). By taking p → 0 in (3.12), we get

x̂∗ub := Xn,n−k −
âub(n/k)

γ̂ub(k)
− Â(n/k)âub(n/k)

ρ̂(kρ)(γ̂ub(k) + ρ̂(kρ))
. (3.14)

The asymptotic property of the bias-corrected endpoint estimator is analogous to that of the bias-

corrected high quantile estimator as shown in the following theorem.

14



Theorem 3.7 Under the conditions (2.4), (2.5) and (2.3) with γ < 0 and ρ, ρ′ < 0, as n → ∞,

√
k

a(n/k)
(x̂∗ub − x∗)

d→W (1) +
1

γ2(γ + ρ)

(
3(γ + ρ− 1)(1− γ)L1

− 3(γ + ρ− 2)(2− γ)L2 + (γ + ρ− 3)(3− γ)L3

)
, (3.15)

where the covariance matrix of (W (1), L1, L2, L3) is given by (3.2) and (3.3).

Remark 3.8 Notice that the rate of convergence in (3.15) is approximately k1/2+γ

n . When γ < −1/2

it is a decreasing function of k. Thus choosing a high k will not reduce the estimation error. In

this case, the sample maximum Xn,n converges to x∗ faster than x̂∗ub (see de Haan and Ferreira

(2006, Remark 4.5.5)). When γ > −1/2, theoretically, the bias-corrected estimator can benefit

from choosing a higher level of k. Nevertheless, the high asymptotic variance imposed by the bias

correction procedure dilutes the benefit in finite sample exercise. Such an effect is particularly severe

when γ is close to zero. See the simulation results below.

4 Simulations

In this section, we perform finite sample simulations on the proposed bias-corrected estimators.

Data are simulated from four distributions: the standard Student-t distribution with degree of

freedom 3, the Gumbel distribution (F (x) = e−e
−x

, x ∈ R), the reversed Burr distribution (F (x) =

1 − (1 + (4 − x)−4)−5/4, x ≤ 4) and the Weibull distribution (F (x) = 1 − e−x
2
, x ∈ R). The

first, second and third order indices of the four distributions are listed in Table 2. Notice that the

Weibull distribution is not under our framework as we assume ρ negative. We draw 100 samples

with sample size n = 5000 from each distribution.

As discussed in section 2.2, a higher level kρ is chosen for estimating the second order index ρ.

With some pre-simulation, we choose a fixed kρ at kρ = [n0.98] = 4216.

4.1 Simulations on γ estimation

Recall that the bias-corrected PWM estimator of γ is defined in (3.10). We compare our

estimator γ̂ub with the Hill estimator γ̂Hill in Hill (1975), the moment estimator γ̂M in Dekkers

15



Table 2: Distributions for simulation

parameters Student-t(3) Gumbel reversed Burr Weibull

γ 1/3 0 -0.2 0

ρ -2/3 -1 -0.8 0

ρ′ -4/3 -1 -0.8 0

Note: The Student-t(3) distribution is the standard Student-t distribution with degree of freedom 3. The

other three distribution functions are: F (x) = e−e−x

, x ∈ R (Gumbel); F (x) = 1− (1 + (4− x)−4)−5/4,

x ≤ 4 (reversed Burr); and F (x) = 1− e−x2

, x ∈ R (Weibull).

et al. (1989) and the original PWM estimator γ̂pwm = γ̂1,2. Moreover, to eliminate the impact of ρ

estimation, we construct a pseudo bias-corrected estimator with the real value of ρ, defined as

γ̂ρ := γ̂1,2(k)− Â(n/k)
(1− γ̂1,2(k))(2− γ̂1,2(k))

(1− γ̂1,2(k)− ρ)(2− γ̂1,2(k)− ρ)
. (4.1)

We do not apply the Hill estimator to data simulated from distributions with non-positive γ; neither

γ̂ρ to distribution with ρ = 0.

In Figure 1, we plot the average of γ estimates against k from 100 samples for each distribution.

The plots show that the bias-corrected estimates remain stable for a large range of k, which is close

to the real value. Other estimates bear dramatically increasing biases as the choice of k increases.

It is remarkable that γ̂ρ does not perform better than γ̂ub. Hence the inaccuracy in estimating ρ

does not impose a significant error when estimating γ. Although for the Weibull distribution, the

bias-corrected estimator also has a bias, it is still the most stable estimator with respect to the

variation of k. Moreover, it is closest to the real value.

In our procedure, bias is corrected at the cost of imposing extra asymptotic variance . With

the choice of a higher level k, the asymptotic root mean square error (RMSE) of the bias-corrected

estimator is theoretically of a lower order compared to that of the original estimator. In Figure 2,

we plot the RMSE against k and confirm this theoretical property. In general, the bias-corrected

estimators are much less sensitive with respect to the choice of k.
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Figure 1: Average of γ estimates for 100 samples.

Note: Each sample consists of 5000 observations. γ̂ub is the bias-corrected PWM estimator in (3.10); γ̂pwm

is the PWM estimator in (1.1); γ̂M is the moment estimator in Dekkers et al. (1989); γ̂ρ is a pseudo
bias-corrected PWM estimator in (4.1); γ̂Hill is the Hill estimator in Hill (1975). Horizontal lines indicate
the real values of γ.

4.2 Simulations on the high quantile and endpoint estimation

The bias-corrected quantile estimator x̂p,ub is given in (3.12). The competitors are the moment

quantile estimator x̂p,M introduced in Dekkers et al. (1989) and the PWM quantile estimator
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Figure 2: Root mean square error of γ estimates for 100 samples.

Note: Each sample consists of 5000 observations. γ̂ub is the bias-corrected PWM estimator in (3.10); γ̂pwm

is the PWM estimator in (1.1); γ̂M is the moment estimator in Dekkers et al. (1989); γ̂ρ is a pseudo
bias-corrected PWM estimator in (4.1); γ̂Hill is the Hill estimator in Hill (1975).

without bias correction x̂p,pwm; see Exercise 4.7 in de Haan and Ferreira (2006) . We study the

estimators of the 1− p quantile with p = 1/2000.

Figures 3 and 4 demonstrate the performance of the high quantile estimators in terms of the
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Figure 3: Average of the high quantile estimates for 100 samples.

Note: Each sample consists of 5000 observations. x̂p,ub is the bias-corrected high quantile estimator in
(3.12); x̂p,pwm is the PWM quantile estimator in de Haan and Ferreira (2006); x̂p,M is the moment quantile
estimator in Dekkers et al. (1989). Horizontal lines indicate the value of xp with p = 1/2000.

average of the estimates and the RMSE. The bias-corrected quantile estimator x̂p,ub performs better

than the other two estimators.

We further apply the bias-corrected endpoint estimator, x̂∗ub defined in (3.14) to the random
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Figure 4: Root mean square error of the high quantile estimates for 100 samples.

Note: Each sample consists of 5000 observations. x̂p,ub is the bias-corrected high quantile estimator in
(3.12); x̂p,pwm is the PWM quantile estimator in de Haan and Ferreira (2006); x̂p,M is the moment quantile
estimator in Dekkers et al. (1989).

samples generated from the reversed Burr distribution. We again employ the moment and the

original PWM methods to produce two competitors. The results are shown in Figure 5. As

explained in Remark 3.8, the x̂∗ub does not have an obviously better performance in terms of
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Figure 5: The endpoint estimates for 100 samples.

Note: Each sample consists of 5000 observations generated from reversed Burr distribution with
distribution function F (x) = 1− (1 + (4− x)−4)−5/4. The endpoint of the distribution is x0 = 4. x̂∗

ub is the
bias-corrected endpoint estimator in (3.14); x̂∗

pwm is the PWM endpoint estimator; x̂∗
M is the moment

endpoint estimator in Dekkers et al. (1989).

RMSE. With an alternative evaluation criteria, the median absolute deviation (MAD)(see Hampel

(1974) and Rousseeuw and Croux (1993)), we focus on comparing the estimators in terms of the
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estimation bias. The MAD is defined as

MAD := median (|x̂∗(k)− x∗|) .

As shown in the right bottom plot in Figure 5, the MAD of x̂∗ub remains low and stable for a

larger range of k compared to those of x̂∗pwm and x̂∗M .

5 Application to the still water level

As part of the defence against extreme flood in the Netherlands, it is crucial to have accurate

estimate of the extreme still water level on various stations along the Dutch coast. The question is

to estimate the “once per 10, 000 years” level of the still water. For that reason, Center for Water

Management (in Dutch: “Waterdienst”) monitored the still water levels in the storm seasons.

We employ the data collected at the station Hoek van Holland. In 122 years, n = 1965 severe

wind storms have been identified. We treat the still water levels during those storms as i.i.d.

observations from a distribution function F . Thus, the “once per 10, 000 years” still water level

corresponds to a high quantile of F with tail probability p = 122
1965 × 10−4 ≈ 6.2× 10−6.

Assuming that F satisfies the third order condition, we start with estimating the extreme value

index, γ. We plot the point estimates of γ using our bias-corrected PWM estimator5 as well as

the moment estimator and the original PWM estimator in the upper panel of Figure 6. Similar to

the simulation exercises, the bias-corrected PWM method yields a relatively wider range of k, for

which the corresponding γ estimates remain at a stable level (k varies from 150 to 280).

To construct a confidence interval, we estimate the asymptotic variance as follows. Denote the

standard deviation of the limit distribution in (3.11) as σ1 := σ1(γ, ρ), which can be consistently

estimated by σ̂1 := σ1(γ̂, ρ̂). Then the approximate 1− α confidence interval of γ is given by

γ̂ub(k)− zα/2
σ1(γ̂ub(k), ρ̂(kρ))√

k
≤ γ ≤ γ̂ub(k) + zα/2

σ1(γ̂ub(k), ρ̂(kρ))√
k

,

5Throughout the application, we choose kρ = [n0.98] = 1688 for the estimation of the second order index,
ρ.
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Table 3: Application to the still water level data

k γ̂ub 95% confidence interval of γ x̂p,ub 95% confidence interval of xp

100 0.03 [−0.23, 0.30] 526 [170, 881]

150 0.07 [−0.14, 0.29] 559 [183, 935]

250 0.13 [−0.05, 0.30] 611 [206, 1016]

280 0.10 [−0.06, 0.27] 577 [235, 918]

300 0.04 [−0.11, 0.19] 510 [269, 752]

400 −0.03 [−0.16, 0.10] 456 [301, 610]

Note: There are 1965 observations in the dataset. We choose kρ = 1688 in the estimation of the second
order parameter ρ. γ̂ub is defined in (3.10) and x̂p,ub in (3.12) with p = 122

1965 × 10−4 ≈ 6.2× 10−6.

where zα/2 is the 1 − α/2 quantile of the standard normal distribution. We plot the lower and

upper bounds of the 95% asymptotic confidence intervals in the bottom panel of Figure 6. Since

the value zero belongs to most of the confidence intervals with respect to different k, we can not

rule out the possibility that γ = 0. Hence it is necessary to consider the PWM method for this

dataset. We give the point estimates and the confidence intervals of γ for several choices of k in

the second and third columns of Table 3.

We apply the bias-corrected high quantile estimator to estimate xp with p = 122
1965 × 10−4 ≈

6.2× 10−6. The approximate 1− α confidence interval of xp is given by

x̂p−zα/2
σ2(γ̂ub(k), ρ̂(kρ))âub(n/k)qγ̂ub(k)(dn)√

k
≤ xp ≤ x̂p+zα/2

σ2(γ̂ub(k), ρ̂(kρ))âub(n/k)qγ̂ub(k)(dn)√
k

,

where σ2(γ, ρ) denotes the standard deviation of the limit distribution in Theorem 3.5. The high

quantile estimators by the PWM and moment methods are also employed. The results are shown

in Figure 7 and the fourth and fifth columns of Table 3. With a choice of k = 250, we conclude

that the “once per 10000 years” still water level is estimated at 611 cm.
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Figure 6: Still water level data: estimation of γ.

Note: The number of observations is 1965. The upper panel shows the point estimates of γ using three
estimators: the bias-corrected PWM estimator γ̂ub in (3.10), the PWM estimator γ̂pwm in (1.1), and the
moment estimator γ̂M in Dekkers et al. (1989). The lower panel gives the 95% confidence interval from the
bias-corrected estimator.

6 Appendix

Proof of Lemma 3.1 Under the third order condition, applying the expansion of the excesses

above a high threshold as in the proof of Drees (1998, Theorem 2.1), one can prove that for each
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Figure 7: Still water level data: estimation of the “once per 10, 000 years” quantile.

Note: The number of observations is 1965. The “once per 10, 000” level corresponds to a high quantile with
tail probability p = 122

1965 × 10−4 ≈ 6.2× 10−6. The upper panel shows the point estimates of the “once per
10, 000” level using three estimators: the bias-corrected high quantile estimator x̂p,ub in (3.12), the PWM
quantile estimator x̂p,pwm in de Haan and Ferreira (2006), and the moment quantile estimator x̂p,M in
Dekkers et al. (1989). The lower panel gives the 95% confidence intervals of the “once per 10, 000” level.
The scale of the vertical axis is per centimeter.

ϵ > 0,

sup
1/k≤s≤1

sγ+1/2+ϵ

∣∣∣∣√k

(
Xn,n−[ks] − U(n/k)

a(n/k)
− s−γ − 1

γ

)
− s−γ−1Wn(s)

−
√
kA(n/k)

s−(γ+ρ) − 1

ρ(γ + ρ)
−

√
kA(n/k)B(n/k)

s−(γ+ρ+ρ′) − 1

γ + ρ+ ρ′

∣∣∣∣ P→ 0. (6.1)
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Similar to the proof of Corollary 2.4.6 in de Haan and Ferreira (2006), one can further show that

sup
0<s≤1

min
(
1, sγ+1/2+ϵ

) ∣∣∣∣√k

(
Xn,n−[ks] −Xn,n−k

a(n/k)
− s−γ − 1

γ

)
− s−γ−1Wn(s) +Wn(1)

−
√
kA(n/k)

s−(γ+ρ) − 1

ρ(γ + ρ)
−

√
kA(n/k)B(n/k)

s−(γ+ρ+ρ′) − 1

γ + ρ+ ρ′

∣∣∣∣ P→ 0.

Hence it follows that as n → ∞,

Iq
a(n/k)

=
1

k

k−1∑
i=0

(
i

k

)q−1 Xn,n−i −Xn,n−k
a(n/k)

=

∫ 1

0

(
[ks]

k

)q−1 Xn,n−[ks] −Xn,n−k

a(n/k)
ds

=

∫ 1

0
sq−1

(
s−γ − 1

γ
+

1√
k
(s−γ−1Wn(s)−Wn(1)) +A(n/k)

s−(γ+ρ) − 1

ρ(γ + ρ)

)
ds

+A(n/k)B(n/k)Op(1) +Op

(
1

k

)
=

1

q(q − γ)
+

1√
k
Lq +A(n/k)Bq + εn,k.

Here we apply
∣∣∣ [ks]k − s

∣∣∣ ≤ 1
k for the third equality.

For the proof of the Theorems 3.2, 3.5 and 3.7, we need several lemmas. Firstly, we give a

lemma on the uniform convergence of the third order condition. The proof is analogue to that in

Fraga Alves et al. (2003), thus we omit it here.

Lemma 6.1 Suppose F satisfies the third order condition (2.3) with ρ, ρ′ < 0. There exists a

particular choice of the first, second and third order scale functions ã(t), Ã(t) and B̃(t) such that

for any δ > 0, there exists a threshold T (δ), the inequality

∣∣∣∣∣∣∣
U(tx)−U(t)

ã(t)
−xγ−1

γ

Ã(t)
− xγ+ρ−1

ρ(γ+ρ)

B̃(t)
− xγ+ρ+ρ′ − 1

γ + ρ+ ρ′

∣∣∣∣∣∣∣ < δxγ+ρ+ρ′±δ (6.2)

holds for all t, x such that t, tx > T (δ).

Without loss of generality, we still use the notations a, A and B for ã, Ã and B̃.

Lemma 6.2 and 6.3 give the asymptotic properties of the estimators of ρ and A(n/k).
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Lemma 6.2 With an intermediate sequence kρ satisfying the condition (2.5), we have that as

n → ∞, √
kρA(n/kρ)(ρ̂(kρ)− ρ) = Op(1).

Lemma 6.3 With an intermediate sequence k satisfying the condition (2.4), we have that as n →

∞

Â(n/k)−A(n/k) =
1√
k

(1− γ − ρ)(2− γ − ρ)(3− γ − ρ)

2ρ
((1− γ)L1

− 2(2− γ)L2 + (3− γ)L3) +A(n/k)A(n/kρ)Op(1). (6.3)

Corollary 6.4 Under the condition in Lemma 6.3, Â(n/k)
A(n/k)

p→ 1 as n → ∞.

The following lemma gives the asymptotic property of an intermediate order statistics, which can

be regarded as an estimator of U(n/k), see de Haan and Ferreira (2006).

Lemma 6.5 Suppose the third order condition (2.3) holds with ρ, ρ′ < 0. Let k = k(n) satisfy
√
k |A(n/k)B(n/k)| = O(1), as n → ∞ Then

Xn,n−k − U(n/k)

a(n/k)
=

1√
k
W (1) +A(n/k)B(n/k)op(1),

where W is the Brownian motion defined in Lemma 3.1.

Lemma 6.6 states the asymptotic property of the bias-corrected estimator of the scale function a.

Lemma 6.6 Suppose the third order condition (2.3) holds with γ < 1/2, ρ, ρ′ < 0 and the in-

termediate sequence k satisfies condition (2.4). For âub(n/k) defined in (3.13), we have that, as

n → ∞,

âub(n/k)

a(n/k)
− 1 =

1√
k

(1− γ)(2− γ)(3− γ)

2ρ

(
(γ + ρ− 1)

(
1

ρ
− 1

2− γ
− 1

3− γ

)
L1

− 2(γ + ρ− 2)

(
1

ρ
− 1

1− γ
− 1

3− γ

)
L2

+ (γ + ρ− 3)

(
1

ρ
− 1

1− γ
− 1

2− γ

)
L3

)
+A(n/k)A(n/kρ)Op(1). (6.4)
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Proof of Lemma 6.2 Since ρ = 1−γ− 1
2−γ−ρ
1−γ−ρ

−1
, it is sufficient to notice that (3.5) implies—using

condition (2.5)—that

√
kρA(n/kρ)

(
γ̂3,1(kρ)− γ̂4,1(kρ)

γ̂3,2(kρ)− γ̂4,2(kρ)
− 1− γ

2− γ
· 2− γ − ρ

1− γ − ρ

)
= Op(1)

and that (3.4) implies (with condition (2.5)) that

√
kρA(n/kρ)(γ̂1,2(kρ)− γ) = Op(1).

Proof of Lemma 6.3 With g(γ, ρ) := (1−γ−ρ)(2−γ−ρ)(3−γ−ρ)
ρ(1−γ) ,

Â(n/k)

A(n/k)
− 1 =

(γ̂2,1(k)− γ̂3,1(k))g(γ, ρ)

A(n/k)
· g(γ̂2,1(k), ρ̂(kρ))

g(γ, ρ)
− 1.

By (3.8), the right hand side is approximately

g(γ, ρ)N3,2,1√
kA(n/k)

+

(
g(γ̂2,1(k), ρ̂(kρ))

g(γ, ρ)
− 1

)
.

Thus it is sufficient to show that

g(γ̂2,1(k), ρ̂(kρ)) = g(γ, ρ) +A(n/kρ)Op(1),

which follows from γ̂2,1(k) − γ = A(n/k)Op(1) (from (3.4)) and ρ̂ − ρ = 1√
kρA(n/kρ)

Op (1) =

A(n/kρ)Op(1) (from Lemma 6.2).

Proof of Lemma 6.5 Write Xn,n−k = U(Yn,n−k) with Yn,n−k the corresponding intermediate

order statistics from the distribution function 1− 1/x, x > 1. By taking t = n/k and x = k
nYn,n−k

in (6.2), we get

√
k
Xn,n−k − U(n/k)

a(n/k)
=
√
k
( knYn,n−k)

γ − 1

γ
+A(n/k)

√
k
( knYn,n−k)

γ+ρ − 1

ρ(γ + ρ)

+
√
kA(n/k)B(n/k)

(
( knYn,n−k)

γ+ρ+ρ′ − 1

γ + ρ+ ρ′
+

(
k

n
Yn,n−k

)γ+ρ+ρ′

o(1)

)
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Since
√
k
(
k
nYn,n−k − 1

) d→ W (1), as n → ∞, we get that

√
k
Xn,n−k − U(n/k)

a(n/k)
= W (1)+A(n/k)W (1)+op(1)+A(n/k)B(n/k)Op (1)+

√
kA(n/k)B(n/k)op (1) .

Hence the result follows from
√
k |A(n/k)B(n/k)| = O(1).

Proof of Lemma 6.6 Write h(γ, ρ) := (1−γ)(2−γ)−ρ(3−2γ)
ρ(1−γ−ρ)(2−γ−ρ) . Then âub(n/k) =

â(n/k) exp(−Â(n/k)h(γ̂, ρ̂)). From Lemma 3.1, one can obtain that

â(n/k)

a(n/k)
=

I1
a(n/k)

I1/a(n/k)
2I2/a(n/k)

− 1
= 1 +

1√
k
((γ − 1)L1 − (γ − 2)L2) +A(n/k)h(γ, ρ) + εn,k. (6.5)

Similar to the proof of Lemma 6.3, we get

h(γ̂, ρ̂) = h(γ, ρ) +A(n/kρ)Op (1) (6.6)

Moreover, from Lemma 6.3, we get

Â(n/k) = A(n/k) +
1√
k
NA +A(n/k)A(n/kρ)Op(1) (6.7)

with NA = (1−γ−ρ)(2−γ−ρ)(3−γ−ρ)
2ρ ((1− γ)L1 − 2(2− γ)L2 + (3− γ)L3).

By combining the expansions (6.5), (6.6) and (6.7), we have that

âub(n/k)

a(n/k)
= 1 +

1√
k
((γ − 1)L1 − (γ − 2)L2 − h(γ, ρ)NA) +A(n/k)A(n/kρ)Op(1),

which can be verified as equivalent to (6.4).

Proof of Theorem 3.2 The result follows from (3.4), Lemma 6.2 and Lemma 6.3.

Proof of Theorem 3.5 Notice that xp = U(1/p). Thus, we can write

√
k

a(n/k)qγ(dn)
(x̂p − U(1/p)) =

√
k

qγ(dn)

Xn,n−k − U(n/k)

a(n/k)

+
âub(n/k)

a(n/k)
·

√
k

qγ(dn)

(
dγ̂n − 1

γ̂
+

dγn − 1

γ

)

+
dγn − 1

γqγ(dn)

√
k

(
âub(n/k)

a(n/k)
− 1

)
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+

√
kA(n/k)

qγ(dn)

(
Â(n/k)â(n/k)

A(n/k)a(n/k)

dγ̂+ρ̂
n − 1

ρ̂(γ̂ + ρ̂)
− dγ+ρ

n

ρ(γ + ρ)

)

−
√
kA(n/k)

qγ(dn)

 U(1/p)−U(n/k)
a(n/k) − dγn−1

γ

A(n/k)
− dγ+ρ

n

ρ(γ + ρ)


=: I1 + I2 + I3 + I4 + I5.

By Lemma 6.5, I1
d→ Γ1. As in the proof of Theorem 4.3.1 in de Haan and Ferreira (2006, page

136-137), I2
d→ Γ2. By Lemma 6.6, I3

d→ Γ3.

For the term I4, similar to the term I2, we have that

dγ̂+ρ̂
n − 1

(γ̂ + ρ̂)
− dγ+ρ

n

(γ + ρ)
= qγ+ρ(dn)(γ̂ + ρ̂− γ − ρ)(1 + op(1)) = A(n/kρ)qγ+ρ(dn)Op(1).

Since 1
ρ̂ = 1

ρ(1 +A(n/kρ)Op(1)), we get

dγ̂+ρ̂
n − 1

ρ̂(γ̂ + ρ̂)
=

dγ+ρ
n − 1

ρ(γ + ρ)

(
1 +

(γ + ρ)A(n/kρ)qγ+ρ(dn)

dγ+ρ
n − 1

Op (1)

)
. (6.8)

Lemma 6.6 implies that

âub(n/k)

a(n/k)
= 1 +

1√
k
Op(1) (6.9)

and by Lemma 6.3

Â(n/k)

A(n/k)
= 1 +

NA√
kA(n/k)

(1 + op(1)). (6.10)

Combing (6.8), (6.9) and (6.10) we get the expansion of I4 as

I4 =

√
kA(n/k)

qγ(dn)

dγ+ρ
n − 1

ρ(γ + ρ)

((
1 +

NA√
kA(n/k)

(1 + op(1))

)(
1 +

1√
k
Op(1)

)
(
1 +

(γ + ρ)A(n/kρ)qγ+ρ(dn)

dγ+ρ
n − 1

Op(1)

)
− 1

)
=

dγ+ρ
n − 1

ρ(γ + ρ)qγ(dn)
NA +

dγ+ρ
n − 1

ρ(γ + ρ)qγ(dn)
op(1) +

√
kA(n/k)A(n/kρ)qγ+ρ(dn)

qγ(dn)
Op(1).

Hence, together with the relation limn→∞
dγ+ρ
n −1

ρ(γ+ρ)qγ(dn)
= − (γ−)2

ρ(γ−+ρ) , we get I4
d→ Γ4.
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For part I5, we use the inequality (6.2) and obtain that

I5 = −
√
kA(n/k)

qγ(dn)
B(n/k)

(
dγ+ρ+ρ′
n − 1

γ + ρ+ ρ′
+ dγ+ρ+ρ′

n o(1)

)
=

√
kA(n/k)B(n/k)O(1) → 0.

Proof of Theorem 3.7 The proof is similar to that of Theorem 3.5.
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