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Abstract

This paper reports a violation of rank-dependent utility with inverse S-shaped probability weighting for binary
gambles. The paper starts with a violation of expected utility theory: one-stage gambles elicit systematically
different utilities than theoretically equivalent two-stage gambles. This systematic disparity does not disappear,
but becomes more pronounced after correction for inverse S-shaped probability weighting. The data are also
inconsistent with configural weight theory and Machina’s fanning out hypothesis. Possible explanations for the
data are loss aversion and anchoring and insufficient adjustment.
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Expected utility theory is characterized by three types of preference conditions (Jensen,
1967): an elementary rationality condition (weak ordering), a sophisticated rationality
condition (von Neumann Morgenstern independence), and a technical condition (Jensen
continuity). Most nonexpected utility theories have concentrated on the sophisticated
rationality part of expected utility, weakening independence. Empirical research has
displayed many violations of independence. An important cause of these violations is
probability weighting, the nonlinear sensitivity of people towards probability. Probability
weighting is an essential part of rank-dependent utility theory (Quiggin, 1982; Yaari,
1987) and its derivative cumulative prospect theory (Tversky and Kahneman, 1992),
currently the most influential alternatives for expected utility. Several empirical studies
have displayed the importance of probability weighting and have provided quantitative
assessments of its effects (Kahneman and Tversky, 1979; Tversky and Kahneman, 1992;
Lattimore, Baker, and Witte, 1992; Camerer and Ho, 1994; Tversky and Fox, 1995; Wu
and Gonzalez, 1996; Gonzalez and Wu, 1999; Bleichrodt, van Rijn, and Johannesson,
1999; Abdellaoui, 2000; Bleichrodt and Pinto, 2000). These studies are consistent with
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a probability weighting function that is inverse S-shaped: small probabilities are over-
weighted and intermediate and large probabilities are underweighted.

The aim of the present paper is to examine the contribution that rank-dependent util-
ity with an inverse S-shaped probability weighting function (RDUjg) can make to the
explanation of violations of expected utility. The paper starts with a consistency test
of expected utility: do utility elicitation procedures that are equivalent under expected
utility lead to identical results? It is shown that individual preferences do not sat-
isfy this consistency test and that a systematic bias occurs. This violation of expected
utility has been observed before in Llewellyn-Thomas et al. (1982) and Rutten-van
Molken et al. (1995). The experiment reported in this paper differs in two respects
from these previous studies. First, subjects were allowed to express imprecise prefer-
ences. Imprecise preferences were allowed to try and reduce the impact of response
error on the results. Second, the experiment controlled for a framing bias. In spite of
these experimental changes, the violation re-emerged. This indicates that the violation is
robust.

The paper then examines whether RDU ¢ can remove the systematic bias between the
utilities. The conclusion is negative. Instead of vanishing, the systematic bias becomes
more pronounced after correction for probability weighting. There exist other studies
that report negative evidence on RDU;y (Wakker, Erev, and Weber, 1994; Wu, 1994;
Birnbaum and Mclntosh, 1996; Birnbaum and Navarrete, 1998). These studies have in
common that they involved gambles with at least three outcomes. In contrast, the present
study involves only binary gambles. Luce (2000) argues on the basis of the available
empirical evidence that the rank-dependent utility model is descriptively more valid for
binary gambles than for gambles involving more than two outcomes. The new finding
of the present paper is that rank dependent utility can be systematically violated for
binary gambles. This finding is important for practical decision analysis because utility
elicitation is generally based on binary gambles.

Birnbaum and MclIntosh (1996) explained the violations of RDUg they observed by
a configural weight model. The configural weight model cannot explain the data of this
paper. For binary gambles the configural weight model yields predictions that are nearly
identical to those of RDUj.

The violation of expected utility studied in this paper is different from the utility eval-
uation effect (Machina, 1983, 1987) observed by Karmarkar (1974, 1978), Allais (1979),
and McCord and de Neufville (1983, 1984). As will be explained in the Discussion, the
utility evaluation effect is consistent with RDU 5. Machina (1983, 1987) showed that the
utility evaluation effect can also be explained by Machina’s (1982) Hypothesis II which
implies that indifference curves fan out throughout the probability triangle. It will be
shown that the violation of expected utility observed in this paper cannot be explained
by fanning out of indifference curves and is therefore different than the utility evaluation
effect.

The paper is organized as follows. Section 1 explains the theoretical differences between
expected utility and rank-dependent utility. Section 2 describes the consistency test
used to compare the two theories. Experimental procedures and results are described
in Sections 3 and 4 respectively. Section 5 concludes.
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1. Theory

The experimental questions, described in Section 3, only invoke binary gambles and
therefore the formal analysis is restricted to such gambles. A typical gamble is denoted by
(x, p; ¥), yielding outcome x with probability p and outcome y with probability 1 — p.
The outcomes x,y are elements of a set of outcomes %¥. In the experiment of this
paper, the outcomes are health states. If x = y then the gamble is riskless. Preferences
over gambles are denoted by »=. Strict preferences are denoted by > and indifferences
by ~. Preferences over outcomes coincide with preferences over riskless gambles. For
notational convenience, it is assumed that gambles are rank-ordered, i.e. it is implicit in
the notation (x, p; y) that x = y.
Under expected utility, preferences over gambles (x, p; y) can be represented by:

p-UX) +(1=p)-Uy) (M

where U is a real-valued utility function defined on %. U is unique up to positive affine
transformations.

Under rank-dependent utility, preferences over gambles (x, p; y) can be represented
by

w(p) - Ux) + (1 —w(p)) - U®) 2)

where w(-) is a probability weighting function that has the following properties: w(0) =0,
w(1) = 1 and w(p) > w(q) if and only if p > ¢g. U is as before a real-valued func-
tion defined on % that is unique up to positive affine transformations. If the probability
weighting function is linear, i.e., w(p) = p, for all p, then rank-dependent utility reduces
to expected utility.

Empirical studies have displayed that the probability weighting function w is typically
inverse S-shaped (Tversky and Kahneman, 1992; Camerer and Ho, 1994; Tversky and
Fox, 1995; Wu and Gonzalez, 1996; Gonzalez and Wu, 1999; Bleichrodt, van Rijn,
and Johannesson, 1999; Abdellaoui, 2000; Bleichrodt and Pinto, 2000). Tversky and
Kahneman (1992) describe the probability weighting function by the following one-
parametric specification:

pV
(p” + (1= p)7)7

w(p) = 3)

Table 1 gives an overview of the values of y found in the literature. The empirical
estimates are broadly similar. All estimates are consistent with an inverse S-shaped prob-
ability weighting function. The point where w changes from overweighting probabilities
to underweighting probabilities, lies approximately at p = 0.35. These properties are
confirmed in the non-parametric studies by Gonzalez and Wu (1999), Abdellaoui (2000),
and Bleichrodt and Pinto (2000).
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Table 1. Empirical estimates for the probability transformation parameter

y in Eq. (3)

Monetary Monetary Health
Study gains losses outcomes
Tversky and Kahneman (1992) 0.61 0.69
Camerer and Ho (1994) 0.56
Wu and Gonzalez (1996) 0.71
Bleichrodt et al. (1999) 0.69
Abdellaoui (2000) 0.60 0.70
Bleichrodt and Pinto (2000) 0.71

2. The consistency test

Consider the following medical decision problem. A client has to choose between two
options: a health state x for certain and a risky treatment option (full health, p; immediate
death). Suppose the client is indifferent between these two options for p = 0.6. By
expected utility theory, this implies that

1-U(x) =0.6 - U(full health) 4+ 0.4 - U(immediate death) )]

Normalizing utility such that U(full health) = 1 and U(immediate death) = O then yields
U(x) =0.6.

Suppose further that the client is indifferent between health state y for certain and the
treatment option (full health, 0.2; immediate death). That is,

1-U(y) = 0.2 - U(full health) 4+ 0.8 - U(immediate death) (5)

which implies by the above scaling that U(y) = 0.2.

The client is finally offered a choice between health state x for certain and the treatment
option (full health, p’; health state y). Expected utility theory implies that he is indifferent
between these two options if

U(x) = p’ - U(full health) + (1 — p') - U(y) (6)

U(full health) = 1, U(x) = 0.6 by Eq. (4), and U(y) = 0.2 by Eq. (5). Substituting
these values into Eq. (6) gives 0.6 = p’ - 1 + (1 — p’) - 0.2 and it follows that the client
is consistent with expected utility if he states an indifference probability of 0.5.

Suppose now that the client is a rank-dependent utility maximizer and that his proba-
bility weighting function can be described by Eq. (3) with y equal to 0.61, Tversky and
Kahneman’s value for gains. The indifference x ~ (full health, 0.6; immediate death)
implies:

U(x) = w(0.6) - U(full health) + (1 — w(0.6)) - U(immediate death) @)
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Under the normalization U(full health) = 1 and U(immediate death) = 0, it follows
that U(x) = w(0.6) =~ 0.47. A similar line of argument gives U(y) = w(0.2) ~ 0.26.
Indifference holds in the third question if

U(x) = w(p") - U(full health) + (1 — w(p’)) - U(y) (8)

Substitution gives 0.47 = w(p’) - 1 +[1 — w(p’)] - 0.26 or w(p’) = 0.284 and p’ =
w~'(0.284) ~ 0.24. Hence, a rank-dependent utility maximizer will state an indifference
probability of 0.24 in the third choice question.

Throughout the paper, gambles in which the treatment outcomes are full health and
immediate death, such as the first two gambles in the above example, are referred to
as one-stage gambles. In a one-stage gamble, the utility of the certain outcome can be
calculated directly given the normalization U(full health) = 1 and U(immediate death) =
0. Gambles in which death has been replaced as the worst outcome of treatment by a
better health state y, such as the third gamble in the above example, are referred to as
two-stage gambles. Two-stage gambles only allow calculation of the utility of the certain
outcome after substitution of the utility of health state y. That is, the evaluation of a
two-stage gamble requires the input of the response to a one-stage gamble involving
health state y.

3. Experiment
Subjects and health states

Sixty-six health economics students at the Erasmus University participated in the experi-
ment. The experiment was administered in 6 group sessions. The subjects faced 4 health
states in addition to full health (health state F)) and immediate death (health state D).
The 4 health states are described in the Appendix. The health states were taken from the
EuroQol classification system, a widely used method in health utility measurement (The
EuroQol Group, 1990). Health states were described in terms of level of functioning
on six attributes: mobility, self care, general daily activities, leisure activities, pain, and
mental health. Full health was defined as no limitations on any of these attributes.

Tasks

Subjects were first asked to rank the health states in order of preference and subsequently
to put the health states on a rating scale calibrated between 0 and 1. These tasks were
included to familiarize subjects with the health states and to obtain information about
their rank ordering of the health states. Subjects were then taken through three prac-
tice questions to familiarize them with the task of expressing preferences in terms of
probabilities. The actual experiment consisted of 4 one-stage gambles and 3 two-stage
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Table 2. The 7 questions

Number Certain Treatment Number Certain Treatment
question  outcome outcomes question  outcome outcomes

1. A F and D 5. B Fand E
2. B F and D 6. C Fand B
3. C F and D 7. E Fand A
4. E F and D

gambles. The gambles are described in Table 2. The order of presentation of the gambles
was randomized to avoid order effects.

Subjects were encouraged to state first the probabilities for which they had a clear
preference for either the certain outcome or the risky treatment (x, p; y) and, finally,
the probabilities for which they found it hard to choose between the two options. Sub-
jects were not forced to state one indifference probability, because their preferences are
typically somewhat imprecise (Dubourg, Jones-Lee, and Loomes, 1994). It was hoped
that the impact of response error would be reduced by allowing subjects to express such
imprecision and by analyzing the data for several probabilities throughout the range of
probabilities for which subjects found it hard to choose.

Probability elicitation was by a line of values for the probability of successful treat-
ment (p). Next to this line, a line was drawn that indicated the complementary probability
of failure of treatment (1 — p). This line was drawn to avoid a possible framing bias.
The second line should remind subjects what a particular choice of p implied in terms of
treatment failure. Only displaying the probability of successful treatment might induce
subjects to overemphasize the outcome of successful treatment, ignoring the possibility
of failure of treatment.

4. Results

Four subjects were excluded from the analyses because they failed to answer at least one
question. Question 5 could only be analyzed for 50 subjects. The remaining 12 subjects
ranked health state E above health state B. The other questions were analyzed for all
62 subjects. The results are similar if only the responses are used of the 50 subjects for
whom question 5 could be analyzed.

The results were not affected by the probability that was selected from the range of
probabilities for which subjects found it hard to choose between the options. The analyses
reported in the paper are based on the midpoint of this range.

Expected utility

Figure 1 displays the utilities according to the one-stage gambles, U,, the two-stage
gambles, U,, and their differences under expected utility. In violation of expected utility,
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Figure 1. Comparison between one-stage (U,) and two-stage (U,) utilities under expected utility.

there is a systematic difference between U, and U,: the two-stage utilities exceed the
one-stage utilities. The difference is significant for all health states.

Rank-dependent utility

To compare one-stage and two-stage utilities under RDUjg, Eq. (3) is adopted with
vy = 0.61, Tversky and Kahneman’s estimate for gains. As shown in Table 1, other
empirical studies have found estimates for y that differ only slightly from 0.61. The
studies by Bleichrodt, van Rijn, and Johannesson (1999) and Bleichrodt and Pinto (2000)
involved medical outcomes.

Figure 2 shows the comparison between one-stage and two-stage utilities under RDUjg.
Instead of vanishing or at least diminishing, the differences exacerbate after correction
for probability weighting. The violations of rank-dependent utility persist if other val-
ues for y that have been observed in the literature or other parametric specifications
of the inverse S-shaped probability weighting function (Lattimore, Baker, and Witte,
1992; Prelec, 1998; Gonzalez and Wu 1999) are substituted. The divergence ceases to
be systematic for y = 3.34. This is an implausibly high value that contradicts all pre-
vious studies on probability weighting and that is inconsistent with an inverse S-shaped
probability weighting function.
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Figure 2. Comparison between one-stage (U,) and two-stage (U,) utilities under rank-dependent utility.
5. Discussion
Main finding

The main finding of this study is that RDUg is violated for binary gambles. Previous
empirical studies found support both for rank-dependent utility for binary gambles and
for the inverse S-shaped probability weighting function. However, this paper concludes
that incorporating inverse S-shaped probability weighting in rank-dependent utility exac-
erbates rather than mitigates the systematic differences between one-stage and two-stage
utilities that were observed under expected utility.

The utility evaluation effect

The paper displays a violation of expected utility in a probability equivalence task.
Karmarkar (1974, 1978), Allais (1979), and McCord and de Neufville (1983, 1984)
observed a violation of expected utility in a certainty equivalence task. They observed
that the fractile method (Farquhar 1984) yields a more concave (expected) utility function
when higher probabilities are used in the elicitation. Machina (1983, 1987) referred to
this finding as the utility evaluation effect. Contrary to the violation of expected utility
considered in this paper, the utility evaluation effect can be explained by RDU. To
illustrate, let x? denote the outcome with expected utility ¢ elicited with probability
held fixed at value p throughout the certainty equivalence task. Table 3 shows the rank-
dependent utilities of x{,s, x} 55, and x{.s for p = {0.10, 0.30, 0.50, 0.70, 0.90} when
the probability weighting function is equal to Eq. (3) with y = 0.61. It is observed
that U(x) > U (xg/) iff p < p’. Hence, x decreases with p if utility is monotonic in
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Table 3. Rank-dependent utility with inverse S-shaped
probability weighting can explain the utility evaluation

effect
EU

p 0.25 0.50 0.75
0.10 0.480 0.763 0.936
0.30 0.269 0.528 0.763
0.50 0.177 0.421 0.664
0.70 0.082 0.281 0.554
0.90 0.010 0.086 0.362

outcomes. x? decreasing in p is equivalent to the (expected) utility function becoming
more concave the higher the probability used in the fractile method.

Machina (1983, 1987) noted that the utility evaluation effect can be explained by his
Hypothesis II (Machina, 1982) which implies that indifference curves fan out throughout
the probability triangle. Figure 3 shows that fanning out of indifference curves cannot
explain the observed systematic disparity between one-stage and two-stage gambles. The
figure presents the example of Section 2 in the probability triangle. The vertical side of
the triangle displays the probability of full health (F), the horizontal side the probability
of immediate death (D), and the remaining probability is the probability of health state y.
Northwest movements throughout the triangle represent increases in preference. The
figure shows the prediction for the two-stage gamble when indifference curves fan out.
Because the gamble (F, 0.6; D) lies on a lower indifference curve than the gamble
(F, 0.5; y) fanning out predicts that the value of p reported in the second stage of the
two-stage gamble will be lower than 0.5. The typical pattern that we observe is, however,
that the reported value of p exceeds 0.5. The data of this paper could be explained by
indifference curves that fan in. However, a theory of indifference curves that fan in is

Probability of]
full health

©,05 o7

Probability of immediate death

Figure 3. Fanning out of indifference curves cannot explain the data.
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inconsistent with well-documented phenomena such as the common consequence effect
and the common ratio effect.

Explanations

As noted in the Introduction, the data cannot be explained by configural weight theory
either. One explanation for the data is suggested by cumulative prospect theory. Whereas
the findings of this paper constitute a violation of rank-dependent utility, they do not
necessarily violate cumulative prospect theory. Cumulative prospect theory generalizes
expected utility by incorporating both probability weighting and sign-dependence, the
dependence of preferences on the sign of outcomes. The experimental data of this paper
were analyzed as if all outcomes were gains, i.e., as if subjects took death as their ref-
erence point. The results are not affected if all outcomes are interpreted as losses, i.e.,
if subjects took full health as their reference point. However, Hershey and Schoemaker
(1985) conjectured that in answering probability equivalence questions of the type used
in this paper, subjects take the certain outcome as their reference point. They then inter-
pret the difference between the good gamble outcome and the certain outcome as a
gain and the difference between the bad gamble outcome and the certain outcome as a
loss. Appendix 2 gives a qualitative analysis of Hershey and Schoemaker’s conjecture
under cumulative prospect theory. A quantitative analysis is complicated. If Hershey and
Schoemaker’s conjecture is true then a subject’s reference point varies between proba-
bility equivalence questions. A quantitative assessment of the predictions of cumulative
prospect theory therefore requires the development of utility evaluation formulas that
take into account variation in the reference point. The development of such formulas is
beyond the scope of the present paper.

Appendix 2 shows that if Hershey and Schoemaker’s conjecture is true then cumulative
prospect theory with its usual assumptions of loss aversion and diminishing sensitivity
(Tversky and Kahneman, 1992) can explain the systematic differences between one-
stage and two-stage utilities observed under expected utility and rank-dependent utility.
However, the Appendix also shows that under the reflection effect a model with only
loss aversion would fit the data better than cumulative prospect theory. Since probability
weighting is an important part of cumulative prospect theory, the data reported here are
troubling for cumulative prospect theory as well.

An alternative explanation for the observed differences between one-stage and two-
stage utilities is that the elementary rationality part of expected utility is violated. Previous
research has argued that in responding to probability equivalence questions subjects tend
to take one, the probability of the certain outcome, as an anchor and adjust their response
downwards from one. This adjustment is generally insufficient leading to reported indif-
ference probabilities that are too high and, hence, to utilities that are too concave
(Tversky, Sattath, and Slovic, 1988; Johnson and Schkade, 1989). In the one-stage gam-
bles this upward bias is present only once, namely in the reported indifference prob-
ability. However, in the two-stage gambles it is present twice. The double bias occurs
because the utility of the certain outcome cannot be inferred directly but requires the
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input from another one-stage gamble, which in turn is biased upwards. Hence, in a two-
stage gamble not only the reported indifference probability is biased upwards, but also
the utility of the health state which was substituted for immediate death as the worst
outcome of treatment. This additional upward bias can explain why two-stage utilities
exceed one-stage utilities.

Concluding remarks

Several papers have argued that utilities should be adjusted for probability weighting
(Fellner, 1961; Wakker and Stiggelbout, 1995) and the empirical literature suggests that
this correction should be based on an inverse S-shaped probability weighting function.
The findings of this paper challenge the generality of these arguments. They suggest that
there are other factors besides probability weighting that affect people’s responses to util-
ity elicitation questions, that these factors may lead to biases opposite to the predictions
of probability weighting, and that these biases may dominate the effect of probabil-
ity weighting. Successful application of rank-dependent utility depends on the decision
context, even for binary gambles.

Appendix 1: Description of the health states used in the experiment

A B
1. Unable to walk without a stick, 1. No problems in walking about
crutch or walking frame
2. No problems with self-care 2. No problems with self-care
3. Unable to perform main activity 3. Unable to perform main activity
(work, study, housework) (work, study, housework)
4. Unable to pursue some family and 4. Able to pursue all family and
leisure activities leisure activities
5. Extreme pain or discomfort 5. Extreme pain or discomfort
6. Anxious or depressed 6. Not anxious or depressed
C E
1. No problems in walking about 1. No problems in walking about
2. No problems with self-care 2. No problems with self care
3. Able to perform main activity 3. Unable to perform main activities
(work, study, housework) (work, study, housework)
4. Able to pursue all family and 4. Unable to pursue some family and
leisure activities leisure activities
5. Moderate pain or discomfort 5.  Moderate pain or discomfort

6. Not anxious or depressed 6. Anxious or depressed
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Appendix 2: Explanation of the way in which loss aversion can
account for the data

Let F — x denote the gain of being in full health rather than in health state x, let D — x
denote the loss of being dead rather than in health state x, and let y — x denote the loss
of being in health state y rather than in health state x. Under Hershey and Schoemaker’s
(1985) conjecture and cumulative prospect theory, the one-stage gamble indifference
x ~ (full health, p; immediate death) yields; U(x) = w*(p) - U(F — x) + w= (1 — p) -
U(D — x). The two-stage gamble indifference x ~ (full health, p’; y) yields U(x) =
wr(p)-UF —x)+w (1 —p')-U(y — x). Under loss aversion, the loss part has a
relatively strong impact on people’s preferences. Under diminishing sensitivity, U (D — x)
and U(y — x) will not be too far apart. The stronger loss aversion and diminishing
sensitivity, the closer p’ will be to p. The fact that p’ is relatively close to p causes the
systematic bias between one-stage and two-stage utilities observed under expected utility
and rank-dependent utility.

Even though sign dependence enfeebles some of the negative impact of probability
weighting, the conclusion remains true that probability weighting as such exacerbates
the disparities between one-stage and two-stage utilities. Most studies have found that
w~ (1 — p) does not differ much from 1 — w*(p). This finding is referred to as the
reflection effect. Under the reflection effect, the modelling of probability weighting in
cumulative prospect theory is similar to that under rank-dependent utility theory and,
hence, probability weighting aggravates the differences between one-stage and two-stage
utilities. Therefore a model with only loss aversion will provide a better description
of the data of this paper than cumulative prospect theory, which incorporates both loss
aversion and probability weighting.
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