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Ozet

o Giris
— Bayes Teoremi,
— Basit bir Ornek
— Olasilik Kurami hatirlatma, olasilik tablolari
— Bayesci Ogrenme
e Zaman Dizileri
— Hesaplama Problemileri
— Sakli Markov Modelleri

e Yaklasik Cikarim (Variational Bayes)
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Bayes Kurali

Thomas Bayes (1702-1761)

Bir A parametresi hakkinda, D verisini gordikten sonraki bilgimiz
veriyi gérmeden onceki bilgimiz ve verinin bize sdyledigi bilginin
birlesimidir.

p(D[AN)p(N)
p(D)
Godzlem Modeli x Onsel Dagilim
Marjinal Olabilirlik

p(A|D) =

Sonsal Dagilm =
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Iki Zar: ‘Kaynak Ayristirma’

1. zar )\, 2. zar y

D=X+y

D=9ise \ ="
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Iki Zar

D=X+y=9
D=X4+y||ly=1|y=2|y=3|y=4|y=5 =
\ = 2 3 4 5 6 7
=2 3 4 5 6 7 8
A=3 4 5 6 7 8 9
\=4 5 6 7 8 9
A=5 6 7 8 9 10
A=6 7 8 9 10 11

p(A) = p(AD).

Gozlem modeli: p(D|\)
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“Burokratik” turetim

p(A) = C(:[1/6 1/6 1/6 1/6 1/6 1/6 )
ply) = C(y;[ 1/6 1/6 1/6 1/6 1/6 1/6 )

p(DINy) = 0(D—(A+y))
1
AylD) = X p(D|A,y) X A
p(A, y|D) (D) p(DIA,y) x p(y)p(A)
Sonsal = ! % Olabilirlik x Onsel
Kanit

1 =0

Kronecker delta §(z) = { 0 z+#0
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Onsel Dagilim

p(y)p(\)
p(y) xp\) |y=1]y=2|y=3|y=4|y=5|y=
X =1 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36
X =2 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36
EE 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36
\—4 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36
=5 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36
X =6 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36

e Olasilik p(\, y)
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Olabilirlik Fonksyonu - Gozlem modeli

p(D=9\y) |y=1|y=2|y=3|y=4|y=5

> >~ > > > >~
|
OO W DN =

OO OO O

e Olabilirlik # Olasilik. Sedece negatif olmayan bir fonksyon.
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Olabilirlik x Onsel

(A, y) = p(D = 9|\, y)p(A)p(y)

p(D=9\y) ||y=1|y=2|y=3|y=4|y=5|y=6
X =1 0 0 0 0 0 0
X =2 0 0 0 0 0 0
=3 0 0 0 0 0 1/36
) =4 0 0 0 0 1/36 | 0
X=5 0 0 0 1/36 | 0 0
=6 0 0 1/36 | 0 0 0
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Marjinal Olabilirlik

p(D=19) = Zp =91\, 9)p(A\)p(y)

o+o+--- +1/36+1/364+1/36+1/36+0-+---+0

= 1/9

p(D=9N\y) ||y=1|y=2|y=3 |y=4|y=5|y=6
\ = 0 0 0 0 0 0
\ = 0 0 0 0 0 0
\ = 0 0 0 0 0 | 1/36
\ = 0 0 0 0 |1/36 | 0
X = 0 0 0 |1/36]| 0 0
=6 0 0 |1/36| 0 0 0
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Sonsal Dagilim

1

pPAYD=9) = —p(D =9\, y)p(A)ply
(A, ] ) (D) ( A y)p(A)p(y)
pP=9N\y) [[y=1]y=2|y=3|y=4

A=1 0 0 0

A =2 0 0 0

A=3 0 0 0

A=4 0 0 0

A=25 0 0 0 1/4

A=6 0 0 1/4

1/4 = (1/36)/(1/9)
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Marjinal Sonsal Dagilim

p(A|D) ; p(mp(DIA, y)p(\)p(y)

pAD=9) |y=1|y=2|y=3|y=4
N = 1 0 0 0 0 0
=2 0 0 0 0 0
=3 1/4 0 0 0 0
=1 1/4 0 0 0 0
=5 1/4 0 0 0 174
=6 1/4 0 0 174 | 0
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Orantilidir o notasyonu

pAIP=9) o p(A,D=9)=> p(D=9\y)p(A)p(y)

pAD=9) |y=1|y=2|y=3|y=4|y=5|y=6
A= 1 0 0 0 0 0 0 0
X =2 0 0 0 0 0 0 0
=3 1/36 0 0 0 0 0 1/36
) =4 1/36 0 0 0 0 1/36 | 0
X=5 1/36 0 0 0 1/36 | 0 0
=6 1/36 0 0 1/36 | 0 0 0
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Model Secim Ornegi

Bilinmeyen sayida zar atiliyor: Aq, Ao, . ..

1=1

D =9 ise kag zar atildi?

p(n) 1
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Model Secimi

p(D = 9|n)p(n)

p(n|D =9) (D)

x p(D = 9|n)

p(Dln=1) = ZP(DP\l)p(}\l)

p(Pln=2) = > > p(D|A1, A2)p(A1)p(r2)

A Ao
p(Pln=n") = > pDAs,....\) [[p(N)
ALy A, 1 i=1
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p(DIn=2)  p(D|n=3) p(DIn=4) p(DIn=5)

1)

p(DIn

0.2

p(Dln) = > 5\ p(D|A,n)p(A|n)

10 11 12 13 14 15 16 17 18 19 20
D
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w
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Model Secimi

o o
EEN (6]
| 1

0
0

o
w
T

©
—
T

i PR

2 3 4 5 6 7 8 9
n = Number of Dice

e Sezgi: Karmasik modellerde olasilik daha blyUk bir alana yayilir, gozlemlenen
tek bir olayin olabilirligi duser.

e Bayesci cikarim “basit modelleri” tercih eder — Occam’s razor

e Butln parametreler Gzerinden toplam (timlev) hesabi
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Olasiliksal Yaklasim

e Ne coOzelim : Modelleme

— Zanaat

e Nasil ¢cozelim : Cikarim Algoritmasi

— Mekanik-Otomatik (Teoride! Pratikte hep degil)
— Genel
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Olasilik Kurami

e Pascal ve Fermat arasindaki mektuplasma (Soylu ve kumarbaz bey de Mereé)

e 1930’lar Aksyomatik gelisim (Reichenbach, Kolmogorov), Olcim (measure)
Kurami

e Istatistik: Ters olasilik — Olasiligin anlami:

— “Frequentist”. Tekrarlanabilir deneylerdeki frekanslar
x Bu ilag etkili.

— “Bayesian”: Bilginin (inancin) derecesi
* Yarin ylzde doksan yagmurlu.

e Brad Efron, Modern science and the Bayesian-frequentist controversy , 2005

http://www-—stat.stanford.edu/~ckirby/brad/papers/2005NEWModernScience.pdf

e Brad Efron, Bayesians, frequentists, and scientists , 2005

http://www—-stat.stanford.edu/~ckirby/brad/papers/2005BayesFreqgSci.pdf
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Tumdengelim (Deduction) ve Tumevarim (Inductive)

e a, b, and c tam sayilar olmak Gzere
a +b" ="
denkleminin n > 2 icin ¢6zUmU yoktur.

e Asagida verilen ses dalgasi icerisindeki kayip dérnekleri bulunuz

W W ‘
1 oo 1 50 200 250 300 350 400

450 500

o

Cemgil Bayesci Yapay Ogrenme. 20-21.10.2016, Nesin Matematik Koy, Sirince 19



Tumevarim’in tehlikeleri

Borovik

snc(x) = sin(z)/z

/OOO snc(x)dx

/Ooo snc(x) sne(x/3)dx
/Ooo snc(x) snc(x/3) snc(x/5)dx
/Ooo snc(x) snc(x/3) snc(x/5) sne(x/7)dx

/Ooo snc(x) snc(x/3) snc(x/5) snc(x/7) snc(x/9)dx

/2
/2
/2
/2

/2
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/OOO snc(z) snc(x/3) snc(x/5) snc(x/7) snc(x/9) snc(x/11)de = m/2

/OOO snc(z) snc(xz/3) snc(x/5) snc(x/7) snc(x/9) snc(x/11) snc(x/13)de =  7w/2

467807924713440738696537864469
935615849440640907310521750000 "

/OOO snc(x) snc(x/3) snc(x/5) snc(x/7) snc(x/9) snc(x/11) snc(x/13) snc(x/15)dx =

Cemgil Bayesci Yapay Ogrenme. 20-21.10.2016, Nesin Matematik Koy, Sirince 21



Uygulamalar

o On bilgi ve gOzlemlenen verinin birlegtiriimesi icin dogal bir cerceve =
Ogrenme

— Tibbi tan1 (Semptom/Hastalik)

— Konusma Tanima (Isaret/Hece)

— Bilgisayarla Gorme (Gorianti/Nesne)

— Robotik, Hedef Takibi (Algilayici/Pozisyon)

— Finans (Gec¢mis fiyatlar, Piyasa haberleri/Gelecek fiyat)
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Olasilik Tablolari

p(ri,x2) | x2=1| x2 =2
r1 =1 0.3 0.3
1 = 2 0.1 0.3

Marjinal: p(z1), p(x2)
sarth: p(x1|z2), p(z2|z:)
Sonsal: p(x1, s = 2), p(x1|ze = 2)

Marjinal olabilirlik: p(zs = 2)

En bayuk: p(z]) = max,, p(zi|xs = 1)

Mod: z] = argmax,, p(x1]|ze = 1)

Max-marginal: max,, p(x1,z2)
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Yanitlar

p(r1,22) | T2 =1 | 292 =2
r1 =2 0.1 0.3
e Marjinaller:
x
p(_l) p(iCQ) aj2 — :[;2 p—
r1=2 104 ' :
o Sartl:
p(x1|xe) | o = To = p(a2]xy) | 22 = To =
r1 =1 0.75 0.5 x1 =1 0.5 0.5
1 =2 0.25 0.5 r1 = 2 0.25 0.75
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e Sonsal:

Yanitlar

e Marjinal Olabilirlik (Kanit):

p(r1,x2) | x2=1| 22 =
1 =1 0.3 0.3
p(r1, 22 =2) | 3 =2 p(xr1|re =2) | 22 =2
r1 = 1 0.3 r1 = 0.5
prap— 0.3 T =2 0.5
372—2 prl,azg—Z = 0.6
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e En blyUk: (deger)

e Mod: (indis)

Yanit

p(% 1‘2) Lo = Lo =
r1 =1 0.3 0.3
1 = 2 0.1 0.3

max p(xi|re = 1) = 0.75
T

argmax p(xi|ze =1) =1

L1

e En blyUk-marjinal: (siliet) max,, p(z1, x2)

maxy, p(r1,x2)

56‘2:1

5132:2

0.3

0.3
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Ogrenme

e En blyUk Olabilirlik (Maximum Likelihood),
e Cezalandirmal Olabilirlik - En blytk sonsal (Penalized Likelihood),

e Bayesci Ogrenme
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Cikarim ve Ogrenme

e Veri kimesi
D={x,...xN}

e Model parametresi A
p(DIA)

e En bilyilk olabilirlik (ML)

ML — arg max log p(D|\)

e Tahmin dagilimi (Predictive Distribution)

p(zn-+1|D) ~ pan41|A™)
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Regularizasyon

e Onsel
p(A)

e En buyuk sonsal (Maximum a-posteriori (MAP)

AMAP — arg max log p(D|N)p(A)

e Tahmin dagilimi

p(zn-+1|D) = pla 1| AMF)
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Bayesci Ogrenme

e Bltlun Parametreler rasgele degiskenler (# bilinmeyen deterministik
degisken)

e Nokta kestirimleri yerine bilinmeyen parametreler Uzerinden
timlev hesabi

— Dogal olarak adaptasyon
— Model secimi
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Bayesci Ogrenme

e Tahmin dagilimi

p(an 1 |D) = / dX p(an1|\p(AD)

e Bayesci 6grenme = Bayesci ¢ikarim
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Bayesci Ogrenme, \ = p(z = Tura)
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Bayesci Ogrenme
T, ?
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Bayesci Ogrenme
T,T,?
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Bayesci Ogrenme
TT,T,7?
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Bayesci Ogrenme
TTTT,?
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Bayesci Ogrenme
TTTTT,?
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Bayesci Ogrenme
LLLLTLY,?
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Bayesci Ogrenme
LLLLLYT?
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Bayesci Ogrenme
LLLLLYTT?
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1/1
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p(>\’flﬁ'1, Z13'2)

0 2/2
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p()\|5131;3)
T,LT?

3/3
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p()\|5131;4)
I,LLT,T7?

4/4
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p()\|5131;5)
LLTTT?

5/5
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p(>\|$1;6)
LTLLLTLY,?

5/6
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p(>\|331:7)
LLLLLYT?

6/7
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p(>\|$1;8)
LTLLLLY,TLT?

7/8
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Olasilik Modelleri
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Olasilik Dagilimlari

e Olasilik modellerinin yapi taslari:

— Kesikli

x Kategorik, Bernoulli, Binomial, Multinomial, Poisson
— Surekli

* Gaussian,

+ Beta, Dirichlet

+ Gamma, Ters Gamma, Ustel, Chi-kare, Wishart

* Student-t, von-Mises
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Ustel aile (Exponential Family)

e Dagilimlarin genel yapisi

p(z|0) = h(z)exp{d " (z) — A(0)}

A(0) =1log [, dz h(z)exp(d'(z))

A(#) log-boluntileme (log-partition) fonksyonu

6 kanonik parametreler
Y(x) yeterli istatistik
h(x) agirlik fonksyonu

Cemgil Bayesci Yapay Ogrenme. 20-21.10.2016, Nesin Matematik Koy, Sirince

52



En Buyuk Entropi prensibi

Istenen beklenen degerlere sahip ama en ¢ok belirsizlik iceren dagilim hangisidir?

maximize H |p]
subject to

/ p(r)dr =1 Dlzlestirme
X

/ Y(x)p(zr)dr = s Beklenti Esleme
X
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Lagrange Fonksyoneli

Apin0) = [

X

p(x) log(p(z))dz + A(1 - /

X

—A[p,\, 0] = —log(p(x)) =1+ AX+0¢(x)=0

exp(f(x)) exp(A — 1)

=
&
I

Normalizasyon Kisitl

/X p()dz

exp(A—1) =

| — exp(A—1) / exp(01(x))da

X
1

[ exp(6v(x))dx

pla)dzr) + O(s — /X b (2)p(z)da)
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MA'dan kurtulalim

AB) = log/XeXp(Hw(az))d:U

Cozim: Ustel Aile formunda (Gibbs dagilimi)

p(z) = exp(0v(x)— A(0))
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Bernoulli. BE(c; w)

Bernoulli rassal degisken ¢ = {0, 1} basari olasiligi w

plc=1lw) = w plc=0lw)=1—w

plelw) = w(l—w)
= exp(clogw + (1 —¢)log(1l — w))
= exp (log(1 Je + log(1 — w))

BE(c; w)

w
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Bernoulli Ustel Aileden mi?

w

BE(c;w) = exp (log(l )c—l—log(l—w))

p(cld) = h(c)exp{f i(c) — A(6)}

0 = log(——) canonical parameters

A(f) = —log(1+¢€?)  log-partition function
c sufficient statistics
hic) =1 weighting function
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Beta Dagilimi. B(w;a, b)

wa—l(l . w)b—l

B(w;a,b)

AA

= exp((a—1)logw+ (b —1)log(l —w) — A(a,b))

log w

= exp((a—1 b_1)<log(1—w)>_A(a’b)>
A(a,b) = logI'(a)+logI'(b) —logI'(a + b)

(w)g =a/(a+0)
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Beta Dagilimi. B(w;a, b)

2 |
1.5¢F
B
o
1
0.5F
a=03b=04
O | | | |
0 0.2 0.4 0.6 0.8
w
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Gauss. N (xz;m, S)

Gauss dagilimi, beklenen deger m ve varyans S

N(z;m,S)

Katsayilari eslestirme

(2m8) "% exp{— (x — m)?/S)

1 1
exp{—§(:z:2 +m? —2xm)/S — §log(27rS)}

1 1 1
exp {7;:1: — ﬁxz — ( log(27S) + 55 2) }

e 23) (5) -0

7 \§ 7

0 ()

exp{—iKaz’+hr+g} & S=K' m=K'h
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Gaussian.
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Ters Gamma Dagilimi. ZG(r; a,b)

The inverse Gamma distribution with shape a and scale b

1 p—(atl) b

IG(rib) = Frar g o)

b

— exp (—(a + 1)logr — — —logI'(a) + alog b)
r

— exp (( _(“_"g D )T( 11)%: ) ~logT'(a) +alogb)

Katsayilari eslestirme

1
exp{alogr+ﬁ—+c}@a:—a—l b= -0
/}a
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Inverse Gamma
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Gamma Distribution. G(\; a, b)
The Gamma distribution with shape « and inverse scale b

G(\;a,b) = F(la)b"’A(a‘l) exp(—b\)

= exp((a—1)logA — b\ —logI'(a) + alogb)
= exp (( (a_—bl) ) ( 10§A ) —logI'(a) —|—alogb>

Hence by matching coefficients, we have

1
exp{ozlog’r—l—ﬂ—Jrc}(:)a:aJrl b= —0
7’.
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Rassal sayi uretme

e Bernoulli: BE(x; p)
x = double (rand<p);
e Binomial: BZ(x;p, N)
x = sum(double (rand (N, 1)<p));
Not efficient for large N
e Poisson: PO(x; )
x = poilssrnd (lambda) ;
e Beta: B(z;a,b)

X = betarnd(a, b);

Cemgil Bayesci Yapay Ogrenme. 20-21.10.2016, Nesin Matematik Koy, Sirince

65



e Gaussian: N (x;pu, S)

X = sgrt (S) .*randn(size(S)) + mu;
e Gamma: x ~ G(z;a,b)

x = gamrnd(a, 1./b);

or more securely

x = gamrnd(a, 1)./b;

which is also

x = gamrnd (a) ./b;
e Inverse Gamma x ~ ZG(x; a,b)

x = b./gamrnd(a);
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Konjuge Onsel: Sonsal ve Onsel ayni ailedendir.

Ornek: Bir ¢ rassal Bernoulli degiskenin parametresi w icin sonsal dagilim
cikarimi

p(clw) = BE(c;w) =exp(clogw + (1 —¢)log(l — w))
B(w;a,b)

p(w)

p(wle) o plc|w)p(w)
x exp(clogw+ (1 —¢)log(l —w))
x exp ((a —1)logw + (b — 1) log(1 — w))
x B(w;a+c,b+ (1—rc))

(wle) = Bw;a+1,b) c¢=1
prwie)r = B(w;a,b+1) ¢=0
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Konjuge Onsel dagilim
Example: Sifir ortalamali Gauss dagiliminin varyansi

p(z|R) = WN(z;0,R)
p(R) = ZIG(R;a,b)

p(Rlz) o p(R)p(z|R)

X exp (—(a +1)log R — b%) exp (—(a;? /2)

= eo((Z18) ()
x ZIG(R;a+ %,b+az2/2)

Like the prior, this is an inverse-Gamma distribution.

1 1
~
R g8k

)
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Konjuge Onsel dagilim

Ornek: varyansin sonsal dagihmi R from z1, ..., zn.

p(Rl2) o« p(R) [p(R)

1 1 1 N
X exp (—(a + 1)log R — bﬁ) exp (— (5 ;SE?) 5 Elog R>

= e ((SENER) (UR)) =

Yeterli istatistikler toplamsal
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Ters Gamma, >, 27 =10 N = 10

zixi2=1o N=10
1.4 T T T T

1.2

0.8

0.6

0.4

0.2
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Ters Gamma, > 27 =100 N = 100

zixf=1oo N = 100
3 T T T T

2.5

1.5 -

0.5
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Ters Gamma, >, z7 = 1000 N = 1000

zixf=1ooo N = 1000
9 . . .
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0.5

Ornek: AR(1) modeli

10 20 30 40 50 60 70 80

T = Axp_1 + €k k=1... K

e IS 1.1.d., sifir ortalamali, varyans R.

Kestirim problemi:

Gozlemlenen zy, . .

90

100

.,z verilerden, A ve R katsayilarini ¢cikaralim.
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AR(1) model, Ureten model notasyonu

A ~ N(A4;0,P)
R ~ IG(R;v,B/v)
Tilrg—1, A, R ~ N(xg; Arg—1, R) Ty = 2o

Go6zlemlenen degiskenler cift dairelerle gbsterilmistir
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AR(1) Modeli. Bayesci Sonsal Dagilimin Cikarimi

p(Aa R’x()a L1y .- 7:EK) X p(xla <. 7xK‘£U07 Aa R)p(A7 R)
Sonsal o Olabilirlik x Onsel

Markov sartli bagimsizlik 6zelligini kullanarak

p(A, Rlxg, x1,...,TK) X (H p(rr|rr_1, A, R)) p(A)p(R)
k=1

" N
O (\J
o .fUO O oo oo
o 0
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Numerik Ornek

Suppose K =1,

(42

Bayes kurali ve AR modelinin yapisi:

p(AaR’vaxl) X p(x1’x07A7 R)p(A)p(R)
= N(z1; Ao, R)N (4;0, P)IG(R;v, B/V)
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Numerik Ornek

p(A, Rlxg,z1) o< p(xi|zo, A, R)p(A)p(R)
= N(z1; Awo, RIN(A;0, P)IG(R; v, B/v)

122 A 1z24% 1
X exp (—5% + 3301131E — 5%7 —3 log QWR)

1 A? 1
exp (—§?> exp (—(V +1)log R — %E)

Sonsal dagilim standard bir forma sahip deqil

1 A A?
exp (alﬁ + agﬁ + Oégﬁ + aylog R + a5A2)
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Nimerik ornek p(A, R)
Esit olasilik konturu p(A)p(R)

10" 1

10"

10" 1

10 "

10

A~ N(A;0,1.2)

Suppose: g =1

R ~ IG(R;0.4,250)

L1 = —6 Ly N(Cljl;AiUo,R)
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Numerik Ornek, sonsal dagihim p(A, R|z)

10*
10°
o

10°

107°}

107 :

-8 -6 -4 -2 0 2 4 6
A

Note the bimodal posterior with xtg = 1, ;1 = —6

e A~ —6 < low noise variance R.
e A =~ 0 < high noise variance R.
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Notlar

e ML veya MAP gibi noktasal kestirimler her zaman ¢ok belirleyici
olmayabilir, sonsal dagilim her zaman daha detayl bilgi icerir

e Sonsal dagilimi tam olarak hesaplamak bazi 6zel durumlar
disinda ¢cok zor olabilir

e Cok basit goziken modeller bile karmasik sonsal dagilimlar
olusturabilir

e Veri birbirleri ile celisen degisik sekillerde aciklanabiliyorsa bu
birden fazla kipi olan bir sonsal dagilim ile sonuclanabilir
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Notla

e Oncll (a-priori) olarak birbirinden bagimsiz degiskenler sonsal
olarak birbirleri ile baglanabilirler (“Explaining away”)

e Bir cikarim probleminin zorlugu verilen verinin ve kestiriimeye
calisilan parametrelerin iliskisine (parametre rejimine) dogrudan
baglidir. Genelde veri kithgi (minik veri) veya ¢cok veri (bUyUk veri)
oldugu durumlarda ¢c6ztumlere ulasmak daha kolay olabilir. Ara
durumlar (ne cok ne az) daha zor olabillir.
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Ders

e Sirali veriler, Terminoloji
e Sakli Markov Modelleri
e lleri-Geri algoritmasi

e MAP gezingesinin bulunmasi: Viterbi algoritmasi
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Sirali veriler: Modeller, Cikarim, Terminoloji

Isaret isleme, yapay dgrenme, robotik, istatistik alaninda bir cok
veri dinamik modeller ile modellenebilir

T8 8h ¢

rr ~ plxg|re_1) Durum Gecis Modeli
Yy ~ D(YklTk) Gozlem Modeli

e z gizli durum (hiz, sinif etiketi, bilinmeyen model parametreler )

e y gOzlemler (0rnekler, algilayicilardan okumasi, 6znitelikler, ... )
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Sirali (Sequential/Online) Cikarim, Terminoloji

e Suzgecleme (Filtering): p(xx|y1.x)

— Gecmis gozlemler verildiginde su andaki durum
— Gercek zamanda sirali olarak ¢ikarim

:_:r;o—>a:1—> —>5Ek1 > TK

S d
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Sirali (Sequential/Online) Cikarim, Terminoloji

e Tahminleme p(yi.x, Tk K |Y1:6—1)

— Gelecekte olabilecek durumlarin ve go6zlemlerin tahmini; veri
olmadan tahminleme

{x0—>5L‘1: . )xk 1——): ajk: :
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Offline Inference, Terminology

e Smoothing p(zo.x|y1.x),
Most likely trajectory — Viterbi path arg max, . p(zo.x|y1:x)
better estimate of past states, essential for learning

—>

o Interpolation p(y., T |y1:k—1, Yk+1:K)
fill in lost observations given past and future

S
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Sakli Markov Modelleri

e Zaman icerisinde ilerleyen karisim modeli

—> | .. ———> Tk

e GOzlemler y;. sonlu veya sonsuz bir kimeden

To — 1 > .. > Th—1

e Gizli durumlar x; sonlu bir kimeden

— Silrecin sOnimlenen hafizasi

e Tam cikarim ancak x; az sayida duruma sahipse mumkundur
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Ornek: Saklh Markov Modelleri

e Durum gecis modelleri (a N by N matrix)

€ €
1 — €

0 0 1
1—e 1—e (1—€¢)| 1 0 0 | +e€
0 1 0

()

€
e GOzlem modeli p(y|xk)

yr ~ wo(yy — k) + (1 —w)u(l, N)

o O =

S = O

= O O
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Ornek: Saklh Markov Modelleri

True State X,

10F I I I I T ! T ! I _]
= 8l .
c
il
s 6r _
c
(0]
2 af .
(@)
oL _|
| | | | ° | | | | ° |
0 10 20 30 40 50 60 70 80 90

Time k

100
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Ornek: Saklh Markov Modelleri

X gl
= 0
X
& 6 _ B
B
s 4
i 0
2_
|
10

Smoothed p(xk|y1 :K)

10

20 30 40 50 60 70
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lleri/Geri Algoritmasi

p(z1) :Bzm 5133|£U2 334\333
p(y1]z1) p(y2|z2) p(y3lr3) p(ya|zs)
° ileri
p(ylzK) — Z p(ylzlelzK)p(xlzK)
T1:K
“2|1 a1|0
= ZP(?JKPCK) Y plrklrir_1)-- ZP($3|$2)p(y2|wz)ZP($2|$1)p(y1|901)p(5€1)
R TK-1 ) \ | oy
aK a2
o Geri
plyi:x) = D_p@)p(yilz) ... > p(xK—1|xK—2>p(yK—1|xK—1)Zp(th?K—l)p(meK)\l/,
TK—1 K Bk
5]?_2 Pr—1
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Viterbi Algoritmasi

332\1’1 333|$2 564\1‘3

PEEOES

p(yi|r1) p(y2|r2) p(ys|xs) p(ya|Ts)

e + — max, x — +, dinamik programlama

. "Ier’"
pyikleln) = maxp(yuklenx)p(@x)
2|1 “110
7 7\ N\ /-/\
= maxp(yr|ri) max p(rg|rrg_1) ... rrglgxp(mlwz) p(y2|z2) rrgcaluxp(lewﬂ p(yilz1) p(x1)
R K V_ ., N ~ -~ &E
ap a9
o Ger
P(y1:K|xT:K):Ualj?xp(xl)p(yﬂxl)- - max pPrg_1lrrk_2)P(Yk—1lTK— 1)m?<><p(93K|$K DP(yklrr) L
(. P /. ~ 4 EK
BK_2 Br—1
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lleri-Geri algoritmasinin gercellenmesi
Adimlar
1. Parametrelerin belirlenmesi
2. Gercek modelden sentetik veri Uretimi
3. Gercek parametreler kullanarak ¢ikarim

4. Test ve gorsellestirme
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Ornek: Sakli Markov modeli

e Durum gecis modeli (N x N matris)

€ €
1 — €

0 0 1
1—e 1—e (1—€¢)| 1 0 0 | +e€
0 1 0

()

€
e GOzlem Modeli p(y|xk)

yr ~ wo(yy — k) + (1 —w)u(l, N)

o O =

S = O

= O O
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1. Parametreler
N = 50; % Number of states

% Transition model;
0.5; % Probability of not-moving

()
O
I

A = epxE + (l-ep)*E(:, [2:N 1]); % Transition Matrix

% Observation model
= 0.3; % Probability of observing true state

[¢)

W
C = w«E + (1-w)*ones(N)/N; % Observation matrix

[¢)

% Prior p(x_1)
pri = ones (N, 1)/N;

% Create a parameter structure
hm = struct (A", A, 'C’', C, "p_x1", pri);
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2. Sentetik veri olusturma
.._>._>
O CHOEENG

Tp|lrk—1 ~ plTr|rr—1)

yplze ~ plyklzk)

Cemgil Bayesci Yapay Ogrenme. 20-21.10.2016, Nesin Matematik Koy, Sirince

97



2. Sentetik veri olusturma

function [obs, state] = hmm_generate_data (hm, K)
Inputs

hm : A HMM parameter structure

K : Number of time slices to simulate

o° o° o© o o

Outputs
obs, state : Observations and the state trajectory
state = zeros(l, K);
obs = zeros(1l, K);
for k=1:K,
if k==1,
state (k) = randgen (hm.p_x1);
else
state (k) = randgen(hm.A(:, state(k-1)));
end;
obs (k) = randgen(hm.C(:, state(k)));
end;
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2. Sentetik veri olusturma

50 T T T T T T
45 ®

40
35

20_ )
15
10

states/observations
N
(@) ]
[
Y

i e e ...

- states
observations

2 4 6 8 10 12
time

14

16

18

20
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3. Cikarim: lleri faz

$2|l‘1 5133|562 »T4’l“3

3U1

rarara

p(yi|z1) p(y2|z2) p(ys|z3) p(ya|z4)

e Predict

apl-1(2k) = P(Y1k—1,Tk) = Zp($k\$k-1)p(y1:k—1,xk—1)
Th—1
— Zp($k|$k—1)04k—1\k—1(97k—1)

Lk—1

e Update

p(ylzk, xk) = p(yk|$k)p(y1:k—1, xk)

= pWklzr)ok -1 (k)

Oék\k(ﬂfk)
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p(ylzK) — Z p(yl;K|x1;K)p(Q?1;K>
T1:K

= ZP(?JK|37K) > plegleg_1)--

TK—1

= ZP(?JK|$K) > pleklrg—_1)--

TK—1

— Zp(yK|£L’K Z p(rrlTrr_1) "

TK—-1

= Zp(yKll‘K) > plekleg—1)--

TK—1

— ZP(?JKWK) Z p(zglzg—1)--

TK—1

0‘1|0

: zp($3|$2)p(y2|x2)z p(z2|z1) p(y1|$1) p(aﬁl)

a1|1

> p(xslz2)p(yele2) D plas|zr)ay); (1)
x9 x1

> p(@slze)p(yz|z)ag) (w2)

> p(xslma)ags(ws)
9

- az)2(23)
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3. Cikarim: Geri faz

log_alpha = zeros (N, K);
log_alpha_predict = zeros (N, K);
for k=1:K,
if k==1,
log_alpha_predict (:,k) = log(hm.p_x1);
else
log_alpha_predict (:, k)
= state_predict (hm.A, log_alpha(:, k-1));
end;
log_alpha(:, k)
= state_update (hm.C(y(k), :), log_alpha_predict(:,k));
end;
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3. Cikarim: Tahminleme

function [lpp] = state_predict (A, log_p)
STATE_PREDICT Computes Axp 1n log domain

[lpp] = state_predict (A, log_p)
Inputs
A : State transition matrix

log_p : log p(x_{k-1}, yv_{1:k-1}) Filtered potential

Outputs
lpp : log p(x_{k}, y_{1:k-1}); Predicted potential

o° o o0 o° o° o° o° o o° o°

[¢)

mx = max (log_p(:)); % Stable computation

p = exp(log_p - mx);
lpp = log(Axp) + mx;
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Numerik hesaplama log(>_. exp(l;)))

e [Uretim

— log(exp(l*) Z exp(l; — 1))

7

= 1" +1log() _exp(l; — %))

1

o [F = max; lz
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3. Cikarim: Guncelleme adimi

function [lup] = state_update (obs, log_p)
STATE_UPDATE State update in log domain

[lup] = state_update (obs, log_p)

Inputs
obs : p(y_k| =x_k)
log_p : log p(x_k, y_{1, k-1})

Outputs
lup : log p(x_k, y_{1, k-1}) p(y_k| x_k)

o° o o° o° o° o° o° o o° o°

lup = log(obs(:)) + log_p;
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3. Cikarim: ileriye dogru

k| k P(Y1:k, Tk)

50F | | | | | | | | | T 1
40 | . 0.8
)
L2
< 20 . 0.4
10+ . 10.2
| | | | | | | | | | 0
2 4 6 8 10 12 14 16 18 20
k (time)
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3. Cikarim: ileriye dogru

Aplk—1 = P(Y1:k—1, Tk)
50F T T T T T T T T T N 1
40 | . 0.8
r -
T 30+ e i 0.6
S
L
< 20 . 0.4
10_ - -0-2
I I I I I I I I I I 0
2 4 6 8 10 12 14 16 18 20

k (time)
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3. (;lkarlm: Geriye dogru

p(za|xy) p(xs|x2) :B4]m3

iratara

p(y1|r1) p(y2|r2) p(ys|z3) P(yalzs)

e “Postdict”
Brik+1(xk) = PWk+1:k|TE) = Zp($k+1!$k)p(yk+1:f<!$k+1)
Lh+1

— Z p($k+1‘$k)5k+1|k+1(xk+1)

Ll+4+1
e GUncelleme

Brik(Tr) P(Yr:k|TK) = P(Yk|Tk)D(Yk+1: K |2k

p(yk|$k)5k|k+1($k)
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p(yi.x) = D _p@)p(yilzl)... Y plEx_i1lzx_2)p(yk-1lzx-1)Y  plrklzrx_1)p(YklTK) L
] TK—1 TK 6K|K+1

_ Zp(wl)p(yﬂxl) . Z p(er_1lrrk_2)P(WK_1lTK_1) Zp(xK|$K—1)5K|K
T

TR 1 TK

= > _ple)pyilz) -+ > plrx_1lek—2)P(Yx—11TK-1)BK_1|K
xq TK—-1

= > ple)pilz) -~ > plek 1lek—2)Br 1x-1
7

TK—1

= > p()p(ile1) - Br_ojx—1
71
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3. Cikarim: Geriye dogru

log_beta = zeros (N, T);
log_beta_postdict = zeros (N, T);
for t=T:-1:1,
1f t==T,
log_beta_postdict(:,t) = zeros(N,1);
else
log_beta_postdict (:,t)
= state_postdict (hm.A, log_beta(:, t+1l));
end;
log_beta(:, t)
= state_update (hm.C(y(t), :), log_beta_postdict(:,t));
end;
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3. Cikarim: Geriye dogru

function [lpp] = state_postdict (A, log_p)
STATE_POSTDICT Computes A’ *p 1in log domain

[lpp] = state_postdict (A, log_p)

0P o°® o o o° o° o° o° o° o©°

Inputs
A : State transition matrix
log_p : log p(y_{k+1:K} |x_{k+1}) Updated potential
Outputs
lpp : log p(y_{k+1:K}| x_k) Postdicted potential
mx = max (log_p(:)); % Stable computation

p = exp(log_p - mx);
lpp = log (A’ *p) + mx;
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3. Cikarim: Geriye dogru

/3k|k+1($k) — p(yk+1:K|$k)
50F | | | | | | | | | |
40
— —

T 30F e
:(_E' S
L [
< 20F

10

é 4I'r é é 1IO 1I2 1I4 1I6 1I8 2IO
k (time)

We visualise 8 Brk+1(zk)u(zk)

0.8

0.6

10.4

10.2
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50

3. Cikarim: Geriye dogru

5k|k($k) = p(yk:K|33k)

6 8 10 12 14 16
k (time)
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3. Cikarim: Smoothing

p(ylzKa Ik) — p(ylzka xk)p(yk—HK’xk)
— Oék|k($k)5k|k+1(5€k)

= Yie(7r)

Alternatif

Ve(Tr) = Oékyk—1($k)5k\k($k)

Oék\k—1(iﬁk)p(yk!%)ﬁk\kﬂ(wk)
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3. Cikarim: Smoothing

p(wrlyr:x) o pyik, Tk) = arpr(vr) Bejkr1(Tk)

(&)
o
I

—_
o
I

2 4 6 8 10 12
k (time)
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3. Cikarim: Smoothing

log_gamma = log_alpha + log_beta_postdict
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4. Test ve Gorsellestirme

imagesc (normalize_exp(log_gamma, 1));

set (gca, ’'ydir’, 'n’);

colormap (flipud(gray)) ;

xlabel ("k (time)’); vyvlabel('x_k (state)’);
caxis ([0 171);

colorbar

% This has to be constant !! (why)

plot (log_sum_exp (log_gamma, 1));
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4. Test ve Gorsellestirme. Suzgec

50F T T T T T T

40

. e
...... o ¢
20 ¢
® ()
® o~ e true states
10 O  observations
| | | | | | | | | |
2 4 6 8 10 12 14 16 18 20
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4. Test ve Gorsellestirme. Smoother.

50F T T T T T T T T T ™

10

- true states

2 4 6 8 10 12 14 16 18 20
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Ozet

e Bayesci Cikarim

e Ortalama alan (Mean Field), Varyasyonel Bayes
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Varyasyonel Formuilasyon

Basit ama kuvvetli bir fikir:

e COzUmMU bir eniyileme probleminin ¢o6ztmu olarak goster

e Ornek: Dogrusal denklem ¢oézimi p € X
Ap = b
e Varyasyonel formulasyon

1
p = argmin{§(b—Aq)T(b—Aq)}

F(q)
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Varyasyonel Formuilasyon

e Yaklasik cozumler de Uretilebilir

e Kisitlari arttirirsak
ge X, C X

e Basit bir gozlem

F(p) = min{F(q)} < min {F(q)}

qeX qE Xy
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Ornek: Marjinal hesabi

e Birlesik dagilim ¢, j € {0, 1}

p(xl :’I:,ZCQ :]) = T
p(r1,x2) | x2=0 | z2 =1
x1 =20 70,0 0,1
r1 =1 1,0 1.1
e Marjinaller
p(z1) p(x2) To =0 To =1

x1 =0 | 7,0+ 70,1
x1=1| mo+m11

To,0 T 71,0 | To,1 + 71,1

e Bir dagilimin marjinallerini variyasyonel olarak nasil gosterebiliriz?

Cemgil Bayesci Yapay Ogrenme. 20-21.10.2016, Nesin Matematik Koy, Sirince 123



Marjinal hesabi

e Faktorize olmus bir dagilim alalim

¢(z1 =122=7J) = q(z1 =1)q(z2,=])
gx1=1) = @
gz =1) = qo
q(z1, x2) To =0 To =1
r1 =20 (1 — C]1)(1 — C]Q) (1 — Q1>QQ
1 =1 q1(1 — q2) q1G2

e p ve ¢ arasindaki uzakhgi Kullback-Leibler (KL) Iraksayi ile hesaplayalim
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Kullback-Leibler (KL) Iraksayi

e P = p(z) ve Q = ¢(x) olan iki olasilik dagilimi arasinda “quasi-distance”
(uzakhkimsi - cakma mesafe).

KL(PIQ) = /X dxp(xﬂog%:<log7>>p—<logg>p

e Simetrik deqil

KL(P||Q) # KL(Q|P)
e Ama pozitif (oy Jensen’s Inequality)

KL(P||Q) = —/Xda:p(a;)log]%

> —log/){dmp(m)]% = —longxq(x) = —logl =0
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Kullback-Leibler (KL) Iraksayi

p(x1,x2) | 22 =0 | 29 =1 q(x1,x2) xo =0 To =
x1 =20 70,0 0,1 r1=0 | (1—q1)(1—q2) | (1 —q1)q2
Ir1 = 71,0 1,1 Ir1 = Q1(1 — QQ) qd142

1 o Q<x17 332)
B ) DRI N PR
i ] Q(a}l — 1, T2 — )
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Kullback-Leibler (KL) Iraksayi

e KL iraksayini ¢g;'e gore en klcult

KL(pllg) = —moolog(l—q)+log(l—q2))—mio(logg: +log(l—¢q2))
—mo,1(log(1l — ¢1) + log g2) — 71,1 (log ¢1 + log g2)

+ Z Z i, log m;
U

e TUrevi alip sifira esitleyelim

OKL(pllq) O

Oq1 5—611

(—mo,0log(l —q1) — m1,0logqr — mp.1log(l —q1) — w11 logqr)
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Marjinal dagihm K L(p||q)

0 1 1 n 1 1
= 70,0 — M 0— + 7017~ — T1,1—
(1—aq1) q1 (1—q1) q1

(70,0 + To 1) — (m1.0+T11)~

— To,0 T 70,1 — (1,0 ™ 7T1,1)—

(1 — CJl) q1

(71,0 + 71,1)
= ’ ’ =m0+ mi1=plr1 =1
o (70,0 + mo.1 + 71,0+ T1.1) b0 11 = pla )

l-qn = 1—(mo+m1)=m00+7m1=1—q =plx1=0)

The derivation for ¢ is identical.
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Oteki: K L(q||p)

KL(qllp) = ;;q(xl,xg)log (Z&Z;)
— ZZ‘I x1 = 1,22 = j)log ( (o, _7:;2 _]))

= (1-q)(1 —qo)log ((1 al ) G QQ)> +q1(1 — g2) log (Ch(l — Q2)>

70,0 1,0

1 —
+(1 — q1)g2log <( qu)q ) + q1g2 log (q QQ)

1,1
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Oteki: K L(q||p)

— (— 10%(1 — C]1) + log mp 0 + log g1 — log 7T1,0)

00 (— log 7'('0,0 + log 7T1,() -+ lOg 7T0,1 — lOg 7T1,1)
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Oteki: K L(q||p)

1—
0, — ( 1 —q ) _ 1 7T((),o qz>7T8,21
& Zi\ g
log mo,0 + g2 log mo 1
log w10+ g2 logm 1

)
)

) )
) )
1 — q2)log o0 + q21log o, 1)
1 —q2)logm o+ q2logm 1)

exp((logm)g,)

Qy o exp((logm)g,)
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K L(q||p) ve KL(p||q) karsilagtirma

KL(allp) KL(plla)
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Varyasyonel Bayes (VB), Ortalama alan (mean field)
We will approximate the posterior P with a simpler distribution O.

1

_ Z—xp(x = Z|s1, s2)p(s1)p(s2)

Q = q(s1)q(s2)

Here, we choose

q(s1) = N(s1;mq, S1) q(s2) = N (s2;ma, S2)

A “measure of fit” between distributions is the KL divergence
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Kullback-Leibler (KL) Iraksayi

e A “quasi-distance” between two distributions P = p(x) and Q = q(x).

p(z)
KL(P = d 1 = (logP)p —
PIQ) = [ dup(@) g = (0P,
e Unlike a metric, (in general) it is not symmetric,
KL(P||Q) # KL(Q|P)
e But it is non-negative (by Jensen’s Inequality)
_ q(x)
KLPle) - - [ dap(@) log 2
> —10g/ dzp(x )ﬂ— log/ dzq(z) =
p(z) X

(log Q>7>

—logl =0
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Ortalama Alan Cozimii

0

IA

(log 4(51)a(52)) 4 (s, )g(s) + 108 Zz — (108 (51, 52)) 4 (51 )g(50)
<10g o(s1, 82)>q(81)q(32) - (10g Q(31)9(32)>q(31)q(82)
—F(p;q) + H(q) (2)

Vv

log Z,

F enerjve H entropi. Sag tarafl en blyUkle.

Evidence > —Enerji + Entropi

Sag taraf bir alt sinir [?]. Ortalama alan esitlikleri monotonik olarak bu siniri
arttiriyorlar.
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Detaylar
e Lagrang fonksyonu
A = /wmmmwmg+/MMWMw@»H%%—/memmmw%w%@>

A1 — / dsyq(s1)) + Aa(1 — / ds2q(s2)) 3)

q(s1)’e gbre fonksyonel tirevleri hesapla ve sifira esitle

o

5q(81)A — 10g Q(Sl) +1— <log ¢(817 32)>q(32) - >\1
e ¢(s1) igin ¢oz,
logq(s1) = A1 — 14 (logd(si1,52))4(sy)
q(s1) = exp(A1 —1)exp((log ¢(s1,52)) ¢(s,)) (4)
o Kisit't kullan
1= [ dsials) = exp(ha — 1) [ dsyexp({log é(s1,52))g(sy)
A= 11— IOg/d81 exp((log ¢(s1,52)) ¢(s5))
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Cozumun yapisi

e Analitik cOzUm yok

e Sabit nokta denklemleri

q(s1) o< exp((log @(s1,52)),(sy))

q(s2) o< exp((logo(si, S2)>q(81))

Simetriye dikkat
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Bayesci cikarim - Olabilirlik Enbuyultme

Algoritmalar benzer olamasina ragmen bulunan sonuclarin yapisi ¢ok farl olabilir

Figure 1: Sol: ML, Sag: VB.
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